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Measuring heat flow through nanoscale devices poses formidable practical difficulties as there is no ‘ampere
meter’ for heat. We propose to overcome this problem in a chain of trapped ions, where laser cooling the
chain edges to different temperatures induces a heat current of local vibrations (vibrons). We show how to
efficiently control and measure this current, including fluctuations, by coupling vibrons to internal ion states.
This demonstrates that ion crystals provide an ideal platform for studying quantum transport, e.g., through
thermal analogues of quantum wires and quantum dots. Notably, ion crystals may give access to measurements
of the elusive bosonic fluctuations in heat currents and the onset of Fourier’s law. Our results are strongly
supported by numerical simulations for a realistic implementation with specific ions and system parameters.
PACS numbers: 37.10.Ty, 05.60.Gg, 73.20.Fz
In view of the rapid development of nanoscale technolo-
gies [1], understanding charge and heat transport at the micro-
scopic level has become a central topic of current research.
As already shown for fermions [2], charge transport at the
nanoscale is typically governed by quantum effects. Trans-
port of heat by bosons, e.g, phonons, is expected to have anal-
ogous properties [3]. Thermal experiments, however, are con-
siderably more challenging as there is no device capable of
measuring local heat currents [3]. Moreover, heat reservoirs
and temperature probes required to study heat transport usu-
ally entail spurious interface effects. Within these restrictions,
most experimental efforts have focused on detecting tempera-
ture profiles [4] in different devices [1, 5, 6].
In this Letter, we show that trapped-ion crystals are promis-
ing platforms for thermal experiments overcoming these lim-
itations. We introduce a quantum transport toolbox contain-
ing all functionalities required for treating heat currents on
the same footing as electrical currents. By exploiting laser-
induced couplings between transverse quantized vibrations
(vibrons) and internal degrees of freedom (spins) of the ions,
we show how to control and measure heat currents across ion
chains [Fig. 1(a)]. Specifically, ions at the edges of the crys-
tal are Doppler-cooled to different vibron numbers, equiva-
lent to different temperatures. The edge ions act as unbal-
anced thermal reservoirs sustaining a heat flow in the form
of vibron hopping through the bulk [Fig. 1(b)]. For probing
vibron numbers and heat currents (including fluctuations) we
map their values onto the spins, which can be measured via
spin-dependent fluorescence [7]. We note that thermal exper-
iments with ions is a topic of increasing interest: Propagation
of vibrational excitations has been assessed in [8], while the
use of single ions as heat engines has been proposed in [9].
More relevant to the topic of this work, the thermalization
of sympathetically-cooled chains has been studied in [10] by
Langevin dynamics [11]. Our toolbox, which is based on thor-
ough first-principle derivations, will be useful for the devel-
opment of experiments about non-equilibrium statistical me-
chanics in the quantum regime with trapped ions.
We demonstrate the versatility of this toolbox by the exam-
ples of a thermal quantum wire (TQW) and a thermal quan-
tum dot (TQD). We first study the onset of temperature gradi-
ents across the TQW according to Fourier’s law [12]. This
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Figure 1. Heat transport toolbox: (a) (top) A mixed-species ion
crystal in a linear Paul trap (similarly for surface trap arrays). (bot-
tom) Spins and vibrons are indicated by arrows and wells, respec-
tively. Laser arrangements Lswτ (L
tw
σ ,L
tw
κ ) control the incoherent (co-
herent) vibrational dynamics of the ions, with Jαβ the vibron tun-
neling. (b) (top) A thermal quantum wire (TQW) connected to two
reservoirs at different temperatures. (bottom) Strong laser cooling
with strengths Λ−`τ > Λ
+
`τ
allows us to treat τ-ions as heat reservoirs,
whereas bulk ions σ ,κ act as the TQW.
requires the transition from ballistic to diffusive transport,
which we induce by i) dephasing through noisy modulations
of the trap frequencies [13] or ii) disorder in the ion crystal
due to engineered spin-vibron couplings [14]. The TQD high-
lights the differences between bosonic and fermionic trans-
port [15], captured by the statistics of the fluctuations in the
heat current [16]. Building on laser-assisted tunneling [17, 18]
we show how to measure current fluctuations. Moreover, the
TQD can be operated as a switch for heat currents, a first step
towards a single-spin heat transistor.
Model.– We consider a linear Coulomb crystal with three
types of ions [Fig. 1(a)]. Unlike in phonon-mediated quantum
computing [19], we focus on vibrons: the quanta of individual
transverse oscillations responsible for a local electric dipole.
As demonstrated experimentally [20], the interaction between
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2these dipoles leads to a tight-binding model (h¯= 1)
Htb=∑
α,iα
ωiαa
†
iαaiα+∑
α,β
∑
iα 6= jβ
(
Jiα jβ a
†
iαa jβ +H.c.
)
, (1)
where the bosonic operators a†iα (aiα ) create (annihilate) lo-
cal vibrons; latin indices label lattice sites i, j ∈ {1 · · ·N} and
greek sub-indices label species α,β ∈ {σ ,τ,κ} [Fig. 1(a)].
The trapping and dipole-dipole couplings yield the on-site en-
ergies ωiα and long-range tunnelings Jiα jβ . The ion crystal is
a natural playground for bosonic lattice models [21], where
vibrons correspond to bosonic particles, hopping between dif-
ferent lattice sites, and the lattice is determined by the under-
lying crystal structure. Additionally, we exploit two atomic
levels of each ion, denoted spins |siα 〉 ∈ {|↑iα 〉, |↓iα 〉}, with
the Hamiltonian Hαs =
1
2 ∑iα ω
α
0 σ
z
iα and σ
z
iα = |↑iα 〉〈↑iα | −|↓iα 〉〈↓iα |. The atomic transitions are characterized by their
frequency ωα0 and linewidth Γ
eff
α .
We supplement the dynamics of the vibrons by incoherent
and coherent laser-induced processes which are necessary to
develop the tools for studying quantum transport:
(i) For incoherent dynamics, we employ a laser forming a
standing wave along the vibron direction. This drives dipole-
allowed transitions of the α-spins and simultaneously in-
creases or decreases the corresponding vibron number. For
fast decaying spins, the two processes yield an effective vi-
bron dissipation
D iαv (µ) =D [Λ
+
iα ,a
†
iα ,aiα ](µ)+D [Λ
−
iα ,aiα ,a
†
iα ](µ), (2)
where D [Λ,O1,O2](•) = Λ(O1 • O2 − O2O1•) + H.c. is a
super-operator acting on the density matrix µ . The local heat-
ing (cooling) strength Λ+iα (Λ
−
iα ) depends on the spectral func-
tions of the couplings [22] and is controlled by the laser pa-
rameters [23].
(ii) For coherent dynamics, we apply a spin-dependent trav-
eling wave consisting of two non-copropagating laser beams.
The spin-vibron couplings originates from two-photon pro-
cesses [29], whereby the spin is virtually excited by absorp-
tion/emission of a photon from/into a different laser beam
H iαsv (t) =
1
2 (∆ω
+
α +∆ω−α σ ziα )cos(να t−ϕα)a†iαaiα , (3)
where ∆ω±α ,να ,ϕα are fully controllable.
Equations (1) to (3) form our Liouvillian heat transport
toolbox, the driven dissipative spin-vibron model
Lddsv(µ) =−i
[
Htb+ ∑
α,iα∈C
H iαsv (t),µ
]
+ ∑
α,iα∈I
D iαv (µ), (4)
where the sets C,I comprise ions subjected to coher-
ent/incoherent effects. We avoid single-ion laser addressing
by employing different species for each functionality, such
as the implementation of thermal reservoirs. Ideally, these
are capable of supplying/absorbing vibrons without chang-
ing their state. This is achieved by using a red-detuned laser,
such that the cooling (2) with a rate γiα = Re{(Λ−iα )∗−Λ+iα}
dominates over the tunneling γiα  Jiα , jβ (i.e. strong-cooling
limit) [31]. Thus, the ions remain in a thermal state, providing
an accurate implementation of vibronic reservoirs.
Thermal quantum wire.– For designing a TQW we choose
ion species with Γeffτ  Γeffσ ,Γeffκ , and implement dissipation
only for the τ-ions (i.e. σ ,κ ∈ C, τ ∈ I). The τ-ions, placed
at the edges of the chain, are cooled to mean vibron numbers
n¯1τ > n¯Nτ , such that they act as vibronic batteries, realising the
starting point for many transport studies [32]. The left (right)
reservoir constantly supplies (absorbs) vibrons in the attempt
to equilibrate with the TQW. If combined, the reservoirs sus-
tain a flow of heat along the TQW [Fig. 1(b)].
We assess how the TQW thermalizes in contact with the
reservoirs. In the strong-cooling regime, the edge vibrons can
be integrated out to obtain a dissipative spin-vibron model for
the reduced density matrix of the bulk ∂tµbulk =L bulkddsv (µbulk),
L bulkddsv (•) =−i
[
Hrtb+ ∑
α,iα∈C
H iαsv (t),•
]
+ ∑
αiα ,β jβ∈C
Diα jβ (•). (5)
Here, Hrtb is identical to (1) with renormalized parameters.
The dissipator is similar to (2), but extended to all bulk
ions Diα jβ = D [Λ˜
+
iα , jβ
,a†iα ,a jβ ] +D [Λ˜
−
iα , jβ
,aiα ,a
†
jβ
], where
Λ˜±iα , jβ depend on the tunneling via the spectral densities
Γ`τiα , jβ = 2piJiα ,`τρ`τ (ωiα )J`τ , jβ , including the reservoir den-
sity of states ρ`τ [33]. Hence, the bulk-reservoir-bulk tunnel-
ing of vibrons introduces an effective dissipation responsible
for the thermalization of the TQW.
The dipolar decay of tunneling with distance suggests that
vibron exchange with bulk ions adjacent to the reservoirs
dominates thermalization. In the strong-cooling regime, we
thus predict a homogeneous steady-state vibron occupation
〈niα 〉ss =
ΓLn¯L+ΓRn¯R
ΓL+ΓR
, α, iα ∈ C, (6)
with the local couplings ΓL = Γ1τ2σ ,2σ , ΓR = Γ
Nτ
(N−1)σ ,(N−1)σ
and the reservoir mean occupations n¯L = n¯1τ , n¯R = n¯Nτ . Sim-
ilar arguments apply to the vibron current, defined through
∂tniα = Ivib→iα − Ivibiα→, which is independent of the TQW length
〈Ivibiα→〉ss = 〈Ivib→iα 〉ss =
ΓLΓR
ΓL+ΓR
(n¯L− n¯R), α, iα ∈ C. (7)
Numerical solutions of the complete dissipative dynamics in
Eq. (5) fully confirm these predictions [31]. Our results are
different from Fourier’s law of thermal conduction [12] which
predicts: (i) a linear temperature gradient, i.e., 〈niα 〉FL = n¯L+
(n¯R− n¯L)iα/N. (ii) a heat current inversely proportional to the
length of the wire 〈Ivibiα→〉FL ∝ (n¯L− n¯R)/N. The disagreement
is expected since Fourier’s law applies to diffusive processes;
in contrast, Eqs. (6)-(7) describe ballistic transport of vibrons,
analogous to ballistic electronic transport [34].
We now consider two phase-breaking processes resulting
in a ballistic-diffusive crossover: dephasing [35] and disor-
der [36]. Dephasing can be engineered by modulating trap
frequencies with a noisy voltage [13]. We model such noise
as dynamic fluctuations of the on-site energies in Eq. (1),
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Figure 2. Fourier’s law: Vibron distribution in the steady-state of a
chain with N = 20 ions (left: microtrap array, right: linear Paul trap).
(a) Ballistic regime (agreeing with [10]) (b) the dephasing-induced
diffusive regime, and (c) the disorder-induced diffusive regime.
ωiα → ωiα + δωiα (t), with δωiα (t) a random process. In a
Born-Markov approximation, this leads to an additional term
in Eq. (4),Lddsv→Lddsv+Dd, where
Dd(•) = ∑
α,β
∑
iα , jβ
Γde
−
|r0iα −r
0
jβ
|
ξc (niα •n jβ −n jβ niα•)+H.c.,
with the dephasing rate Γd and the noise correlation length
ξc [37]. Fig. 2(a) shows homogeneous vibron distributions
along the TQW without dephasing. For dephasing with ξc
L, we observe the onset of a linear gradient along the micro-
trap array [Fig. 2(b) left], pinpointing diffusive transport. For
the linear Paul trap, the inhomogeneous crystal modifies the
gradient yielding an anomalous Fourier’s law [Fig. 2(b) right].
Disorder can be modeled by modifying the on-site energies
of Eq. (1), ωiα → ωiα +∆ωα , with ∆ωα a static random vari-
able. To obtain such disorder, we apply a strong static spin-
vibron coupling (3) with parameters να = 0,ϕα = 0,∆ω+α = 0,
∆ω−α 6= 0, such that the vibrons experience a spin-dependent
inhomogeneous landscape of on-site energies, resulting in vi-
bron scattering [14]. With each bulk spin initialised in |+iα 〉=
(|↑iα 〉+ |↓iα 〉)/
√
2, the tight-binding model becomes stochas-
tic Htb→Hstb=∑α,iα εiαa†iαaiα+∑α,β ∑iα 6= jβJiα jβ a†iαa jβ+H.c..
Here, the on-site energies are binary random variables sam-
pling εiα ∈ {ωα − 12∆ω−α ,ωα + 12∆ω−α } with probabilities
p(εiα ) =
1
2 inherited from the quantum parallelism. This
randomness leads to Anderson localization, whereby normal
modes display a finite localization length ξloc [38]. For the
small ion crystals of length L, the modes with ξloc  L con-
tribute ballistically, those with ξloc . L introduce diffusion,
and with ξloc L do not contribute to transport. We thus ex-
pect that the heat transport is much richer in the disordered
case. Figure 2(c) shows the disorder-averaged distribution
of vibron occupations along the TQW, where we find clear
anomalies in Fourier’s law, measurable in experiments.
To distinguish ballistic from diffusive transport, we suggest
a measuring scheme inspired by [39, 40]. We map the mean
value of any vibron operator 〈Oiα 〉ss, and its fluctuation spec-
trum
SOiαOiα(ω)=
∫ ∞
0
dt〈O˜iα (t)O˜iα (0)〉sse−iωt , O˜iα =Oiα−〈O˜iα 〉ss,
onto the spin coherences, while disturbing the vibron states
minimally. This is achieved through Ramsey-type interfer-
ometry based on engineered spin-vibron interactions, H˜Osv =
∑iκ
1
2λOOiκσ
z
iκ , with weak coupling λO [31].
A single κ-ion [41] initialised in the state |+iκ 〉 by a pi/2-
pulse acquires phase information about the steady-state vibron
observable. We perform another pi/2-pulse and measure the
probability of observing the state |↓iκ 〉, which is equivalent to
measuring the spin coherences
〈σ˜ xiκ (t)〉= cos(λO〈Oiκ 〉sst)e
−λ 2ORe{SOiκ Oiκ(0)}t . (8)
Therefore, the period (decay) of the spin oscillations yields
the mean value (zero-frequency fluctuations) of the vibron op-
erator 〈Oiκ 〉ss (SOiκOiκ (0)). Considering the excellent accu-
racies achieved in projective spin measurements [20], prob-
ing steady-state vibrons with this method promises to be very
efficient. For measuring the mean vibron number Oiκ = niκ
we choose a weak static spin-vibron coupling (3) with νκ =
0,ϕκ = 0,∆ω+σ = 0, and ∆ω−κ 6= 0. Similarly, vibron density-
density correlators can be probed by using several κ-ions.
Thermal quantum dot and single-spin heat switch.– The
TQD is formed by a single κ-ion at position pκ in the cen-
ter of the bulk. We use the remaining σ -ions as thermal con-
tacts by employing a strong static spin-phonon coupling (3)
with parameters νσ = 0,ϕσ = 0,∆ω+σ = 0, and ∆ω−σ 6= 0. If
the spins are initialised in |ψ0〉 = |↓σ · · · ↓σ 〉|φκ〉|↑σ · · · ↑σ 〉
there is a large shift of the on-site energies across pκ , in-
hibiting tunneling through the TQD. The two halves of the
chain thus thermalize independently, i.e., 〈niσ 〉ss = n¯L for
iσ < pκ and 〈niσ 〉ss = n¯R for iσ > pκ , functioning as ther-
mal leads connected to the quantum dot. The Liouvillian
is L bulkddtb = LL +LLκR +LR, where LL/R describe the un-
coupled halves (5) and LLκR describes the TQD. Transport
through the TQD is achieved by using a dynamical spin-
vibron coupling (3) for the κ-ion. For spin-independent driv-
ings ∆ω−κ = 0, the periodic modulation of the on-site ener-
gies results in photon-assisted tunneling overcoming the on-
site energy gradient between the dot and the leads [18]. We
exploit the spin-dependence of this driving to build a single-
spin heat switch and a current probe.
For the single-spin heat switch, the parameters of the spin-
vibron coupling (3) are νκ = 12∆ω
−
σ , ϕκ = 0, ∆ω−κ = ∆ω+κ ,
4which lead toLLκR(•) =−i[HPATLκR,•]+Dpκ pκ (•), where
HPATLκR=−∑
iσ<pκ
JPATpκ iσ (σ
z
pκ )a
†
pκaiσ +∑
iσ>pκ
JPATpκ iσ (σ
z
pκ )a
†
pκaiσ +H.c..
The tunneling is spin-dependent, i.e., JPATpκ iσ (σ
z
pκ )|↓pκ 〉= 0 and
JPATpκ iσ (σ
z
pκ )|↑pκ 〉 6= 0, because of the operator argument in the
first Bessel function JPATpκ iσ (σ
z
pκ ) = J˜pκ iσJ1
[
ζκ(1+σ zpκ )
]
, with
ζκ = ∆ω+κ /2νκ [31]. Therefore, by controlling the κ-spin
state via microwave pi-pulses, we can switch on/off the heat
current through the TQD. Different switches have been stud-
ied in [43] to control the entanglement in harmonic chains.
Probing vibron currents requires a minimally-perturbing
mapping of the current onto the κ-spin. This requires a bichro-
matic spin-vibron coupling (3) with specific parameters [44].
The first frequency induces photon-assisted tunneling
HPATLκR =∑
iσ
(J˜PATiσ ,pκa
†
iσ apκ +H.c.), J˜
PAT
iσ ,pκ =−i2J˜iσ pκJ1(pi),
such that the tunneling amplitude becomes purely imagi-
nary. This is crucial to devise the probe since the sec-
ond frequency leads to the necessary spin-current interactions
HIsv =
1
2 λ˜II
vib
pκ σ
z
pκ , where Ipκ =
1
2 (I
vib
pκ→+ I
vib→pκ ). In the limit
ζκ,2 → 0, λ˜I ≈ 4ζκ,2/pi we get a Ramsey probe (8) for the
current mean value 〈Ivibpκ 〉 and fluctuations SIvibpκ Ivibpκ (0).
Measuring fluctuations is essential for comparing
fermionic and bosonic currents via the Fano factor
F = SIvibpκ Ivibpκ (0)/2〈I
vib
pκ 〉. For heat currents through a
symmetrically coupled TQD, we expect strong super-
Poissonian fluctuations F  1, which increase linearly with
n¯L in the regime n¯L n¯R [16, 45]. Unlike the sub-Poissonian
fluctuations F < 1 in electrical currents, super-Poissonian
fluctuations in heat currents have not been observed yet.
Conclusions.– We have outlined the implementation of an
ion-trap toolbox for quantum heat transport, which provides
(i) thermal reservoirs, quantum dots and wires; (ii) engineered
on-site disorder and dephasing, and (iii) noninvasive probes
for vibron occupations and currents. It would be of the utmost
interest to assess the validity of the proposed probes for cap-
turing the full counting statistics of heat transport. All these
functionalities significantly extend the possible range of ex-
periments on heat transport. Laser-cooled edge ions in co-
herent or squeezed vibron states [46] may constitute valuable
supplementary gadgets. We expect, moreover, interesting ef-
fects in the presence of non-linearities, e.g., the interplay with
Mott insulators [21], competition between dephasing and in-
teractions [47], thermal rectification [48], and structural phase
transitions [49]. In a non-equilibrium version of the spin-
Peierls instability [50] correlations between structural change
and heat currents may be explored.
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6I. SUPPLEMENTAL MATERIAL:
CONTROLLING AND MEASURING THE QUANTUM
TRANSPORT OF HEAT IN TRAPPED-ION CRYSTALS
We present a detailed derivation of the expressions used in
the main text, and test their validity by comparing the analyt-
ical expressions to numerical results for ion-trap setups with
realistic parameters. Therefore, this SM will also be useful to
guide an experimental realisation of quantum heat transport.
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Appendix A: Trapped-ion toolbox for quantum transport
We present a detailed derivation, supported by numerics, of
our toolbox gadgets: the vibronic tight-binding model (1), the
controlled dissipation (2), and the spin-vibron coupling (3).
1. Tight-binding model for the vibrons
Let us start by introducing the notation. We consider
an ensemble of N = Nσ + Nτ + Nκ ions of three different
species/isotopes with mass mα and charge e. These ions are
labelled by latin indexes i, j ∈ {1 · · ·N}, and by greek sub-
indexes α,β ∈ {σ ,τ,κ} specifying the particular ion species.
The dynamics of the ions is controlled by the Hamiltonian
H =∑
α,iα
( p2iα
2mα
+
1
2
mαriα ·ω 2α ·riα
)
+
e20
2 ∑α,β ∑iα 6= jβ
1
|riα − r jβ |
,
(A1)
where the matrix ωα = diag(ωαx,ωαy,ωαz) contains the trap
frequencies along the different axes, and e20 = e
2/4piε0 is ex-
pressed in terms of the vacuum permittivity ε0. At low-enough
temperatures, the ions from a Wigner-type crystal with a ge-
ometry that depends on the trapping potential. We shall focus
on linear ion chains with equilibrium positions r0iα = z
0
iα ez.
For linear Paul traps, one obtains an inhomogeneous chain
with ions closer at the centre than at the boundaries [1]. By
segmenting the electrodes, it is possible to make the crystal
more homogeneous [2]. Moreover, with the advent of the so-
called micro-fabricated surface traps, the ion lattice can be
designed at will [3]. Therefore, we will also investigate ho-
mogeneous ion chains for quantum heat transport.
As customary, a Taylor expansion to second order in the
small displacements around the equilibrium positions leads to
a quadratic model: the harmonic crystal [4]. For the ion chain,
the vibrations along each direction decouple [1], and we can
focus on the transversal direction δxiα ex. The harmonic crys-
tal contains a coupling between the vibrations of distant ions,
which can be understood as the result of a dipole-dipole inter-
action Vdd ∝ diαd jβ /|z0iα − z0jβ |3 between the effective dipoles
diα = eδxiα induced by the vibrating charges [5]. Quantising
the vibrations via the creation-annihilation operators
piα = i
√
mαωα
2
(
a†iα −aiα
)
, δxiα =
√
1
2mαωα
(
a†iα +aiα
)
,
(A2)
we get the announced quadratic model for lattice vibrons
H = ∑
α,iα
ωαa†iαaiα +
1
2 ∑α,β ∑iα , jβ
Jiα jβ
(
a†iα +aiα
)(
a†jβ +a jβ
)
,
where we have defined the tunneling strengths for iα 6= jβ
Jiα jβ =
e20
2√mαωαmβωβ
1
|z0iα − z0jβ |3
,
and the renormalization of the trap frequencies of an ion due
to its surrounding ions Jiα iα =−∑β ∑ jβ 6=iα Jiα , jβ .
To obtain the desired tight-binding model (1), we need to
neglect terms in the Hamiltonian that do not conserve the
number of vibrons. This is justified if the trap frequencies
are much stronger than the tunneling [6], namely Jiα jβ 
ωα +ωβ . Using a rotating wave approximation (RWA), the
Hamiltonian becomes the sum of the vibronic on-site energy
Hvo, and the tunneling Hvt. This gives rise to the tight-binding
model Htb = Hvo+Hvt of Eq. (1) in the main text, namely
Hvo=∑
α,iα
ωiαa
†
iαaiα , Hvt=∑
α,β
∑
iα 6= jβ
(
Jiα jβ a
†
iαa jβ+H.c.
)
, (A3)
where ωiα = ωα + Jiα iα . As demonstrated in recent experi-
ments [5, 7, 8], this model allows for a controlled tunneling of
vibrons between different ions.
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Figure 3. Vibronic quantum dynamics: Exchange of a vibra-
tional quantum (i.e. vibron) between two distant σ =25Mg+, and
τ =24Mg+ ions. The solid lines represent the vibronic numbers given
by the original Coulomb Hamiltonian (A1) (red: 〈n1σ 〉 for 25Mg+,
blue: 〈n2τ 〉 for 24Mg+), whereas the symbols stand for the vibronic
numbers given the effective tight-binding model (A3) (red squares:
〈n1σ 〉 for 25Mg+, blue circles: 〈n2τ 〉 for 24Mg+). To obtain the dy-
namics numerically, we truncate the vibron Hilbert space to nmax = 2,
and consider the three vibrational axes (i.e. 6 vibronic modes) with
Coulomb non-linearities taken up to 8-th order (e.g. a8iα )
In order to show that the approximations leading to the
tight-binding model are satisfied, we perform a numerical
comparison of the dynamics under the original (A1) and the
effective (A3) Hamiltonians. The typical orders of magni-
tude for the vibronic parameters are summarised in Table I.
Let us consider a particular example of a two-ion crystal with
the species σ =25Mg+, and τ =24Mg+. The trap frequencies
are (ωαx,ωαy,ωαz)/2pi = (5,5,0.5)MHz, which lead to an
inter-ion distance of |z01τ − z02σ | ≈ 10µm, and to a vibron tun-
neling strength of J1τ2σ /2pi ≈ 12kHz. We consider an initial
pure state with a single vibronic excitation in the 25Mg+ ion,
which should be periodically interchanged with the neigh-
bouring 24Mg+ ion. In Fig. 3, we observe the agreement
of both descriptions through the predicted periodic tunneling.
This simulation shows that the approximations leading to the
tight-binding model are very accurate for realistic parameters.
2. Atomic degrees of freedom
To derive the controlled-dissipation gadget (2), we need to
describe first the atomic degrees of freedom. The different
ion species are divided into two groups, depending on wether
we exploit their coherent C or incoherent I (i.e. dissipative)
dynamics. We select τ ∈ I, and σ ,κ ∈ C. To ease notation,
we will focus on a single ion, and keep in mind that we have
to summed over all the ions in the crystal in the next sections.
Dipole-allowed transition.– Let us start by selecting
a dipole-allowed transition |↓τ〉 ↔ |↑τ〉 for the τ-ions
[Fig. 4(a)]. In the absence of laser beams, the dynamics
Gt
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Figure 4. Atomic level scheme for the different ions: (a) Two-
level scheme {| ↑τ 〉, |↓τ 〉} for a dipole-allowed transition with de-
cay rate Γτ of the τ-ions, which is driven by a laser in a standing-
wave configuration Lswτ , such that the Rabi frequency is ΩLswτ . The
standing wave is red-detuned ∆Lswτ < 0 from the atomic transition,
such that we can use it for laser cooling. (b) Three-level Λ-scheme
{|↑α 〉, |↓α 〉, |eα 〉} for a dipole-allowed transition with decay rate
Γα of the α = {σ ,κ}-ions. We use a couple of laser beams in a
travelling-wave configuration, such that their Rabi frequencies for
each of the optical transitions are Ωls, where s =↑,↓ stands for the
two possible ground-states, and l = 1,2 stands for the two laser
beams. In this case, the corresponding detunings ∆ls will be much
larger than any other scale of the problem, such that we can manip-
ulate the state of the ion in this ground-state manifold by tuning the
effective laser frequency ωLtwα = ω1−ω2 of the two beams.
of the atomic density matrix is given by ρ˙ = −i[Hτs ,ρ] +
Dτ(ρ). This master equation contains a Hamiltonian part
Hτs =
1
2ω
τ
0σ
z, where ωτ0 is the transition frequency and σ
z =
|↑τ〉〈↑τ | − |↓τ〉〈↓τ |, and a dissipative part characterised by a
spontaneous decay rate Γτ . Considering the recoil by the emit-
ted photons [9], the dissipation is described by
Dτ(•)=
∫
dξ
(
σ−e−ikτuk·r • eikτuk·rσ+−σ+σ− •+H.c.).
(A4)
Here, we have defined the raising-lowering operators σ+ =
|↑τ〉〈↓τ | = (σ−)†, and integrated (summed) over all differ-
ent directions (polarisations) of the emitted photon
∫
dξ =
3Γτ
16pi
∫ 4pi
0 dΩuk ∑ε |ε · uτ |2. In this expression, kτuk is the
wavevector of the emitted photon, whose modulus is deter-
mined by energy conservation kτ = ωτc , and whose direction
is specified by the unit vector uk. Additionally, we have intro-
duced the unit vectors of the atomic dipole operator uτ , which
depend on the angular-momentum selection rules, and thus on
the polarisation of the emitted photon q ∈ {0,±1} [9].
This expression can be simplified further if the vibrations
are much smaller than the wavelength of the emitted light,
namely r= r0+δr, such that kτ |uk ·δr| 1 (i.e. Lamb-Dicke
limit). By Taylor expanding the dissipator (A4), we find that
in analogy with the Coulomb couplings (A3), the recoil events
to second order do not couple the vibrations along different di-
rections. Therefore, we can focus on the transverse vibrations
along the x-axis directly (A2), and rewrite the dissipator (A4)
as Dτ(ρ) =D0τ (ρ)+D1τ (ρ), where
D0τ (•) =
Γτ
2
(
σ− •σ+−σ+σ− •+H.c.), (A5)
8Table II. Atomic and laser parameters for each ion species
α ωα0 /2pi Γ
eff
α /2pi Lα ωLα ΩLα
τ 102-103 THz 10 MHz 1-photon ωLswτ =ω
τ
0− Γτ2 1-10 MHz
σ 1-10GHz 1-10Hz 2-photon ωLtwσ = 0 0.1-10 kHz
κ 1-10GHz 1-10Hz 2-photon ωLtwκωαωκ0 0.1-10 kHz
describes the spontaneous emission of a collection of atoms
with mutual distances much larger than the wavelength of the
emitted light. In addition, the recoil effects are contained in
D1τ (•)=
Γ˜τ
2
σ−
(
(a†+a)• (a†+a)− (a†+a)2 • )σ++H.c.,
(A6)
where Γ˜τ = Γτη2τ (2+q2)/(5(1+q2)) is smaller than the bare
dissipation (A5) since ητ = kτ/
√
2mτωτ  1. According to
this expression, the photon recoil leads to dissipative events
where the number of vibrons is modified.
To have further control over the vibrons, we include a laser
beam tuned close to the resonance of the dipole-allowed tran-
sition (Fig. 4(a)). The master equation is
ρ˙ =−i[Hτs +HLswτ ,ρ]+Dτ(ρ) (A7)
where the laser-ion interaction is given by
HLswτ =−(dτσ++d∗τσ−) ·ELswτ (r, t), (A8)
and we have introduced the laser electric field ELswτ (r, t), and
the atomic dipole dτ . For reasons that will become clear
later, we need cooling rates that are much stronger than the
vibron tunnelings (A3). Therefore, the laser beam is ar-
ranged in a standing-wave configuration [10], ELswτ (r, t) =
ε τEτ cos(ωLswτ t)cos(k
sw
Lτ · r), where ε τ ,Eτ ,ωLswτ are the po-
larisation, amplitude, and frequency of the laser, and kLswτ
is the laser wavevector directed along the x-axis (i.e. direc-
tion of the vibrons). Let us also introduce the Rabi frequency
ΩLswτ = −Eτdτ · ε τ . Besides, we consider that the axis of the
ion-chain lies at the node of the standing wave.
Three-level Λ scheme.– We now focus on the remaining
species α ∈ {σ ,κ}, where two dipole-allowed transitions
{|↑α〉, |↓α〉} ↔ |eα〉 define a so-called Λ-scheme [Fig. 4(b)],
and can be described by dissipators analogous to those of the
τ-ions (A5)-(A6). As we want to exploit the coherent dy-
namics, α ∈ {σ ,κ} ∈ C, we use laser beams Ltwα that are
far from the resonance of the corresponding dipole-allowed
transitions. Here, the electric field for each laser arrangement
ELtwα (r, t) = ∑l ε lEl cos(kl · r−ωlt) consists of two l = 1,2
travelling waves with polarisation, amplitude, frequency, and
wavevector ε l ,El ,ωl ,kl respectively.
Let us define the detunings ∆ls, and Rabi frequencies for
each transition Ωls = −Eldα,s · ε l , where s ∈ {↑,↓}, as de-
picted in Fig. 4(b). In weak-coupling regime |Ωls|  |∆ls|,
the auxiliary state is seldom populated, and the dynamics is
due to two-photon processes that connect the ground-states
via the excited state (see e.g. [11]). Moreover, if Γα  |∆ls|,
the spontaneous decay due to the finite lifetime of the excited
state is negligible in comparison to the coherent dynamics. In
addition to the free evolution Hαs =
1
2ω
α
0 σ
z, where ωα0 is the
transition frequency and σ z = |↑α〉〈↑α |−|↓α〉〈↓α |, the coher-
ent evolution is given by the effective Hamiltonian
ρ˙ =−i[Hαs +∆Hα(t),ρ], ∆Hα(t) =∑
s,s′
Gss′(r, t)|s〉〈s′|,
(A9)
where we have defined the two-photon amplitudes
Gss′(r, t) =−∑
l,l′
Ω∗lsΩl′s′
4∆l′s′
e−i
(
(kl−kl′ )·r−(ωl−ωl′ )t
)
.
Let us remark that the effective decay rates within the ground-
state manifold scale as Γeffα = Γα(|Ωls|/∆ls)2  Γα , and can
be thus neglected for large-enough detunings. This is pre-
cisely the regime Γτ  Γeffσ ,Γeffκ considered in this work.
Typical orders of magnitude.– Let us discuss the orders of
magnitude of the parameters appearing in the master equation
for the τ (A7) and {σ ,κ} (A9) ions (see Table II). In order to
be more precise, let us consider a particular mixed ion crystal
with species σ =25Mg+, κ =9Be+, and τ =24Mg+. The inter-
nal states corresponding to the level structure in Fig. 4 can be
expressed in terms of the hyperfine atomic levels |nLJ ,F,M〉,
where n is the principal quantum number, L,J are the orbital
and total electronic angular momenta, and F,M are the total
angular momentum and its Zeeman component along a quan-
tising magnetic field. The τ =24Mg+ ions have no nuclear
spin, and thus no hyperfine structure. For the two levels in
Fig. 4(a), we choose |↑τ〉 = |3P1/2〉, |↓τ〉 = |2S1/2〉, such that
the transition frequency is ωτ0/2pi ≈ 103 THz, and the natu-
ral linewidth Γτ/2pi = 41.4MHz. Conversely, the σ =25Mg+
and κ =9Be+ ions display a hyperfine structure, which allows
us to select two states from the hyperfine ground-state mani-
fold and a single excited state to form the desired Λ-scheme of
Fig. 4(b). For σ =25Mg+, we take |↑σ 〉= |3S1/2,2,2〉, |↓σ 〉=
|3S1/2,3,3〉, and the excited state in the |eσ 〉 = |3P3/2〉
manifold. The corresponding transition frequency between
the ground-states lies in the microwave regime ωσ0 /2pi =
1.8GHz, and there is a negligible decay rate (i.e. Γσ/2pi ≈
10−14 Hz). Therefore, all the spontaneous emission occurs via
transitions to the excited state, which has a natural linewidth
of Γσ/2pi = 41.4MHz. Finally, for κ =9Be+, the ground-
states would be |↑κ〉 = |2S1/2,1,−1〉, |↓κ〉 = |2S1/2,2,−2〉
with a transition frequency ωκ0 /2pi = 1.25GHz, and also a
negligible linewidth. In this case, the excited state is in the
manifold |eκ〉 = |2P1/2〉, such that Γκ/2pi = 19.4 MHz. The
detunings of the Λ-scheme are |∆ls|/2pi ∼ 10-100GHz.
3. Edge dissipation by Doppler cooling
We move onto the derivation of the effective dissipation (2)
of the τ-vibrons. We will be interested in positioning these
ions `τ ∈ {1 · · ·Nτ} at the edges of the chain, such that they
can act as reservoirs for quantum transport [Fig. 1(a)].
We will show how the master equation (A7) allows for the
control of the dissipation of the edge vibrons. Let us intro-
duce the Lamb-Dicke parameter ηLswτ = kLswτ /
√
2mτωτ , and
9the detuning ∆Lswτ = ωLswτ −ωτ0 . If |ΩLswτ |, |∆Lswτ |  ωτ0 , and
ηLswτ  1, we can approximate the laser-ion coupling (A8) by
HLswτ =∑`
τ
F` τ (a`τ +a
†
`τ
), F` τ =− 12ΩLswτ ηLswτ σ+`τ e
−iωLswτ t+H.c.
Since we are working at the node of the standing wave, let us
note that the component of the laser-ion interaction that would
drive the carrier is exactly cancelled. Therefore, the only fun-
damental constraint over the standing-wave Rabi frequency
will be |ΩLswτ |  ωτ0 , still allowing for high driving strengths.
To derive the effective dissipation (2) of the τ-vibrons, the
crucial point is to appreciate the separation of time-scales
|Jiα jβ |, | 12ΩLswτ ηLswτ |, |Γτη2Lswτ |  Γτ , (A10)
which implies that the spontaneous decay of the atomic states
of the τ-ions is faster than any other dynamics. This allows us
to partition the Liouvillian (A7) as follows L˜ = L˜0+ L˜1
L˜0(ρ˜) = D˜0τ (ρ˜), L˜1(ρ˜) =−i[H˜vt+ H˜Lswτ , ρ˜]+ D˜1τ (ρ˜),
where the ”tildes” refer to the interaction picture with respect
to H0 = Hτs +Hvo. We can eliminate the fast degrees of free-
dom of the τ atomic states by projecting onto the steady-
state ofL0(µτss) = 0. This can be accomplished by projector-
operator techniques [12], which to second-order lead to
˙˜ρ =
{
PL˜1(t)P+
∫ ∞
0
dsPL˜1(t)QeL˜0sQL˜1(t− s)P
}
ρ˜.
(A11)
Here,P andQ = 1−P are the projectors of interest, which
correspond toPτ{•}= µτss⊗Trτ,at{•} in this case. Since the
ion chain lies at the node of the standing wave, the atomic
steady state is µτss = ⊗`τ |↓`τ 〉〈↓`τ |. After tracing over the
atomic degrees of freedom of the τ-species µ = Trτ,at{ρ},
and moving back in the Schro¨dinger picture, we obtain the
master equation µ˙ = −i[Htb,µ]+∑`τ D `τv (µ). Here, we have
introduced a dissipation super-operator that only acts on the
vibrons of the ion chain, namely
D `τv (•) = Λ+`τ (a
†
`τ
•a`τ −a`τa
†
`τ
•)+
+Λ−`τ (a`τ •a
†
`τ
−a†`τa`τ•)+H.c.
(A12)
The heating-cooling coefficients can be expressed in terms of
the power spectrum of the laser-induced couplings F` τ
SF` τ ,F` τ (ω) =
∫ ∞
0
dt〈F˜` τ (t)F˜` τ (0)〉sseiωt .
In particular, the cooling depends on the power spectrum at
positive frequencies Λ−`τ = SF` τ ,F` τ (+ω`τ ), while the heating
depends on the negative frequencies Λ+`τ = SF` τ ,F` τ (−ω`τ ). By
the quantum regression theorem [13], they become
Λ±`τ =
( 12ΩLswτ ηLswτ )
2
1
2Γτ + i(−∆Lswτ ±ω`τ )
.
Such coefficients coincide with those of a single trapped
ion [10], which is not a surprise as the vibron tunneling be-
tween different ions is perturbative (A10). The possibility
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Figure 5. Damping of the vibrons by laser cooling: Decay of the
average number of vibrons 〈n1τ 〉 for a single laser-cooled τ =24Mg+
ion. The solid line corresponds to the predictions of the original
master equation (A7), whereas the circles are given by the effec-
tive dissipation (A12). We also display in a dashed straight line, the
steady-state vibron number. We truncate the vibron Hilbert space to
nmax = 15 to account for the thermal effects accurately
of controlling experimentally the frequency asymmetry of the
power spectrum which allows for an effective laser cooling of
the vibrational modes, i.e. SF` τ ,F` τ (+ω`τ ) > SF` τ ,F` τ (−ω`τ ).
Finally, by using the generic super-operator
D [Λ,O1,O2](•) = Λ(O1 •O2−O2O1•)+H.c., (A13)
the dissipator (A12) corresponds to Eq. (2) in the main text.
In Fig. 5, we compare the dynamics given by the effective
edge dissipator (A12) with that given by the original master
equation (A7) restricted to a single τ =24Mg+ ion. We con-
sider an initial state ρτ(0) = |↑τ〉〈↑τ | ⊗ ρ thτ , where ρ thτ is a
thermal state for the τ-vibrons with an average vibron num-
ber of n¯1τ = 1.5. In addition to the and atomic parameters for
the τ =24Mg+ ions introduced above, we consider a trap fre-
quency of ωτ/2pi = 10MHz, and a standing-wave laser that
is red-detuned ∆Lswτ = − 12Γτ , such that its Rabi frequency is
ΩLswτ = 0.1|∆Lswτ |. As follows from the agreement, the effec-
tive description (A12) is very accurate.
Let us now consider the parameter-dependence of the cool-
ing rate γ`τ = Re{(Λ−`τ )∗ −Λ+`τ}, and the mean number of
vibrons in the steady state n¯`τ = Re{Λ+`τ}/γ`τ . In Fig. 6(a),
this rate is represented as a function of the detuning in the
so-called Doppler-cooling regime Γτ  ωτ . For red detun-
ings ∆Lswτ < 0, we get an effective cooling of the τ-vibrons,
whereas heating is obtained for blue detunings ∆Lswτ > 0. An-
other important property is that the cooling rate increases
quadratically with the laser Rabi frequency without saturation
(left panel of Fig. 6(b)). This will allow us to attain regimes
where the cooling is much stronger than the vibron tunnelings
γ`τ  |Jiα jβ |, and the τ-ions act as vibronic reservoirs for the
heat transport along the ion chain (right panel of Fig. 6(b)).
Finally, let us also note that the mean number of vibrons in
the steady state is independent of the Rabi frequency. There-
fore, increasing the laser power such that the desired regime
γ`τ  |Jiα jβ | is attained, does not limit the tunability over the
vibronic reservoirs (see Fig. 6(c)), a property that will be im-
portant to study the consequences of heat transport.
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Figure 6. Doppler cooling parameters: (a) Effective laser cool-
ing strength γiτ for τ =24Mg+ as a function of the standing-wave
detuning ∆Lswτ for a Rabi frequency ΩLswτ =
1
2Γτ . For red detunings,
we obtain cooling rates that can be as high as tens of kHz. (b) (left
panel) Quadratic increase of the cooling rate as a function of the Rabi
frequency. (right panel) Ratio of the nearest-neighbour vibron tun-
neling and the effective cooling rate Jiτ ,(i+1)σ /γiτ as a function of the
standing-wave Rabi frequency. (c) Steady-state mean vibron number
n¯`τ as a function of the standing-wave detuning.
4. Tailoring the spin-vibron coupling
The final ingredient of our toolbox is the coherent spin-
vibron coupling (3) for the ions α ∈ {σ ,τ} ∈ C. In particular,
these ions iα ∈ {1 · · ·Nα} will be positioned at the the bulk
of the chain, such that the spin-vibron coupling can be used
to control and measure the quantum heat transport [Fig. 1(a)].
We will show how the master equation (A9) allows for the
control of the spin-vibron coupling of the bulk ions.
By tuning the two-photon frequenciesωLtwα =ω1−ω2, such
that |ωLtwα |  ωα0 , the lasers do not provide enough energy to
drive a two-photon Raman transition. Hence, the sum in the
Hamiltonian (A9) should only comprise s= s′. There are two
terms in this expression ∆H˜α = ∆H˜αss +∆H˜αsv. The processes
whereby a photon is absorbed from and re-emitted into the
same laser beam (i.e. l = l′) contribute with an ac-Stark shift
∆H˜αss =∑
s
1
2
∆εs|s〉〈s|, ∆εs =∑
l
−|Ωls|2
2∆lα s
. (A14)
If the photon is absorbed from and re-emitted into different
beams (i.e. l 6= l′), the corresponding term leads to a coupling
between internal and vibrational degrees of freedom
∆H˜αsv =∑
s
1
2ΩLtwα ,se
−i(kLtwα ·r−ωLtwα t)|s〉〈s|+H.c., (A15)
where we have introduced the crossed-beam Rabi frequen-
ciesΩLtwα ,s=−Ω∗1sΩ2s/2∆2s, the effective wavevectors kLtwα =
k1−k2, and used the fact that ωα0  |∆ls|.
This crossed-beam Stark shift (A15) can lead to a vari-
ety of spin-vibron couplings. We discuss now how to pro-
duce the desired spin-vibron couplings (3). Let us extend it
to all the bulk ions α ∈ {σ ,κ}, and substitute riα = r0iα +
δriα in Eq. (A15), such that the small vibrations are ex-
pressed in terms of the creation-annihilation operators (A2).
We Taylor expand in the Lamb-Dicke parameter ηLtwα =
kLtwα /
√
2mαωα  1. When setting |ΩLtwα ηLtwα |  ωα , and im-
posing that the effective laser frequency is much smaller than
the trap frequency ωLtwα  ωα , we obtain
∆H˜αsv≈ ∑
iα ,siα
ΩLα ,siα
2
(
1−η2Ltwα (a
†
iαaiα +
1
2 )
)
e
iωLtwα
t |siα 〉〈siα |+H.c.
(A16)
The first term of this expression contributes with a periodic
modulation of the Stark shift (A14), namely
∆εα,s→ ∆εα,s+ |ΩLtwα ,s|(1− 12η2Ltwα )cos(ωLtwα t−φLtwα ),
where we have introduced the phase of the Rabi frequencies
ΩLtwα ,s = |ΩLtwα ,s|exp{−iφLtwα }. The second term leads to
Hαsv(t)=−∑
iα
∑
siα
|ΩLtwα ,siα |η
2
Ltwα
cos(ωLtwα t−φLtwα )|siα 〉〈siα |a
†
iαaiα .
(A17)
We are now ready to derive the expression (3) used throughout
this work. Let us make the following definitions
∆ωsiα=−|ΩLtwα ,siα |η
2
Ltwα
, ∆ω±α = ∆ω↑α ±∆ω↓α (A18)
together with the frequency and phase of the lasers
να = ωLtwα , ϕα = φLtwα . (A19)
Then, the crossed-beam Stark shift (A17) becomes exactly the
desired spin-vibron coupling in Eq. (3) of the main text. Let
us note that the above drivings in the spin-independent regime,
∆ω−α = 0, were used in [19] to mimic the effects of an external
gauge field in the dynamics of the vibrons.
We now support numerically this derivation for a single
σ =25Mg+ ion. We will consider that the standard ac-Stark
shift (A14) is compensated, such that the dynamics is given by
the crossed-beam ac-Stark shift (A15). Moreover, we choose
the Rabi frequencies such that it becomes
∆H˜σsv = 12ΩLtwσ σ
ze
−i(kLtwσ ·r−ωLtwσ t)+H.c. (A20)
We will align the laser wavevectors such that k1 = −k2 =
1
2kLtwσ ‖ ex. In this case, the crossed-beam Stark shift (A20)
introduces a coupling between the spin and vibrational de-
grees of freedom that will affect the coherences. We want
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Figure 7. Spin-vibron coupling: (a) Dynamics of the spin coher-
ence of a single ion initially prepared in |Ψσ (0)〉=(|↑σ 〉+ |↓σ 〉)/
√
2
in the Λ-scheme [Fig. 4(a)] (see text for the particular parameters).
For an initial vibrational Fock state with n¯σ = 0 (red solid line
describes the coherences 〈σ˜ x1 〉 given by (A20); red circles corre-
spond to (A16)), we obtain a periodic oscillation of the coherences.
For n¯σ = 10 (pink solid line describes the coherences 〈σ˜ x1 〉 given
by (A20); pink squares correspond to (A16)), one observes a shift of
the oscillation period due to the vibronic state. In (b), we consider an
initial thermal state with n¯σ = 10 (pink solid line describes the co-
herences 〈σ˜ x1 〉 given by (A20); pink squares correspond to (A16)). In
addition to the frequency shift, damping of the coherences is caused
by the fluctuations of the vibron number in the thermal state. We
truncate the vibron Hilbert space to nmax = 60.
to assess numerically the validity of the leading spin-vibron
coupling derived in Eq. (A17). Hence, we consider a slowly
oscillating ωLtwσ /2pi = 10
−3ωσ/2pi = 5kHz laser arrangement
with ΩLtwσ = 0.1ωσ/ηLtwσ , where we recall that the transverse
trap frequency for σ =25Mg+ ion is ωσ/2pi = 5MHz, and the
Lamb-Dicke parameter is ηLtwσ ≈ 0.15. In Fig. 7(a), we repre-
sent the spin coherences. We consider two initial Fock states
with n¯σ ∈ {0,10}. First, we observe that the effective spin-
vibron coupling (A17) is an accurate description. Second, we
see that the period of the coherence oscillations depends on
the number of vibrons, a feature that will be crucial to use this
coupling as a measurement device. Finally, in Fig. 7(b), we
initialise the vibrons in a thermal state with n¯σ = 10. We ob-
serve that, for thermal states, the intrinsic fluctuations in the
number of vibrons lead to a decoherence of the spin states.
This feature will be crucial for heat transport measurements.
Appendix B: Thermalization: vibron number and current
The objective of this section is to present a detailed deriva-
tion, supported by numerical simulations, of the effective dis-
sipation of the bulk vibrons (5), which forms the basis to un-
derstand the ballistic heat transport across an ion chain (6)-(7).
Additionally, we describe how to introduce dephasing and dis-
order in the ion chain, and how they affect the transport.
1. Effective dissipation of the bulk vibrons
Let us derive the effective thermalization of the bulk vi-
brons (5) starting from the driven dissipative spin-vibron
model (4). In Fig. 6, we showed that the Doppler cooling by a
standing wave leads to cooling rates that can be much stronger
than the vibron tunnelings 2γ`τ  Jiα jβ . In this limit, there
is again a separation of time-scales: the thermalization of the
edge τ-vibrons is much faster than any other term in the Liou-
villian (4). This allows us to regroup the Liouvillian (4)
L˜0(µ˜) = ∑`
τ
D˜ `τv (µ˜),
L˜1(µ˜) =−i[H˜vt+ H˜σsv(t)+ H˜κsv(t), µ˜],
where the ”tildes” refer to the interaction picture with respect
to H0 = Hσs +H
κ
s +Hvo. Let us start by switching off the
spin-vibron couplings. To integrate out the edge vibrons, we
use the projection-operator techniques (A11) for a projector
Pedge{•} = µτss⊗Trτ,vib{•}. Here, µτss is the steady state of
the laser-cooled τ-vibrons at each edge µτss = µ th1τ ⊗ µ thNτ . In
particular, it corresponds the thermal states
µ th`τ =
∞
∑
n`τ=0
(n¯`τ )
n`τ (1+ n¯`τ )
−(1+n`τ )|n`τ 〉〈n`τ |,
with different mean vibron numbers n¯`τ = Re{Λ+`τ}/γ`τ . As
discussed in the main text, as long as the laser-cooling is
switched on, the edge ions remain in a vibrational thermal
state that can be controlled by the laser parameters. These
edge τ-ions act as a reservoir of vibrons for the bulk of the ion
chain. We now derive the effective bulk Liouvillian.
By making use of the quantum regression theorem, we ob-
tain the two-time correlation functions of the vibrons
〈a†`τ (s)a`′τ (0)〉ss = δ`τ ,`′τ n¯`τ e−(γ`τ−iδ`τ )s,
〈a`τ (s)a†`′τ (0)〉ss = δ`τ ,`′τ (n¯`τ +1)e
−(γ`τ−iδ`τ )s,
where we have introduced δ`τ =−Im{(Λ−`τ )∗−Λ+`τ}> 0, and
δ`τ ,`′τ is the Kronecker delta. Using these expressions, to-
gether with the projection-operator formula (A11), we arrive
at a master equation that only involves the bulk ions
µ˙bulk =−i
[
∑
α
Hαs +H
bulk
tb ,µbulk
]
+∆L (µbulk), (B1)
where µbulk =Trτ,vib{µ}, and Hbulktb is the vibron tight-binding
model restricted to the bulk ion species α,β ∈ {σ ,κ}. In the
expression above, we have introduced the super-operator
∆L (•)=∑
α,β
∑
iα , jβ ,`τ
ϒ`τiα jβ
{
(n¯`τ +1)(a jβ •a†iα −a†iαa jβ •)
+ n¯`τ (a
†
iα •a jβ −a jβ a†iα•)
}
+H.c.,
which is expressed in terms of the couplings
ϒ`τiα jβ =
Jiα `τ J`τ jβ
γ`τ − i((ωiα −δ`τ )−ω`τ )
.
The imaginary part of the ϒ-coefficients can be rewritten as a
Hamiltonian term, which yields a renormalization of the vi-
bron tunnelings and the on-site energies
J˜iα jβ = Jiα jβ +∑`
τ
Im{ϒ`τiα jβ }, ω˜iα = ωα + J˜iα iα .
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This leads to the renormalized tight-binding model
Hrtb = ∑
α,iα
ω˜iαa
†
iαaiα +∑
α,β
∑
iα 6= jβ
J˜iα jβ a
†
iαa jβ ,
introduced in Eq. (5) of the main text. In addition, the real
part of the ϒ-coefficients leads to a dissipative super-operator
Dbulk(•) = ∑
α,β
∑
iα jβ
{
Λ˜+iα jβ
(
a†jβ •aiα −aiαa
†
jβ
• )
+ Λ˜−iα jβ
(
a jβ •a
†
iα −a†iαa jβ •
)}
+H.c.,
where the dissipation rates are the following
Λ˜+iα jβ = ∑`
τ
Re{ϒ`τiα jβ }n¯`τ , Λ˜
−
iα jβ
= ∑`
τ
Re{ϒ`τiα jβ }(n¯`τ +1).
(B2)
Using the super-operator (A13), the above dissipator can be
written as the bulk dissipator below Eq. (5) of the main text.
2. Mesoscopic transport in ion chains
The objective of this section is to provide numerical evi-
dence supporting Eq. (5). Additionally, we will also check the
accuracy of the predictions derived thereof, namely Eqs. (6)
and (7) for the vibronic number and current through the ion
chain. Following the philosophy of ”one, two, many”, we first
consider the smallest setup, a single-ion channel that will play
the role of a thermal quantum dot (TQD), and allow us to test
the validity of Eqs. (5), and (6) . Then, we will move to a
two-ion channel that will act as a double thermal quantum dot
(DTQD), which will allow us to test the validity of Eq. (7). Fi-
nally, we will explore a thermal quantum wire (TQW) formed
by a longer ion chain, or a TQD connected to two thermal
leads, where the leads are formed by a large number of ions.
To test these predictions, we integrate the dynamics given
by the bulk (5) and edge (4) master equations. Since both Li-
ouvillians are quadratic in creation-annihilation operators, it is
possible to obtain a closed system of (N−2)2 or N2 differen-
tial equations for the two-point correlators Ciα jβ = 〈a†iαa jβ 〉,
respectively. Both theories can be recast into
dC
dt
= i[J,C]− (WC+CW∗)+K, (B3)
where the matrices J,W,K depend on the particular master
equation. For the edge dissipation (4), we find
Jedgeiα jβ = ωαδiα jβ + Jiα jβ ,
Wedgeiα jβ = ((Λ
−
`τ
)∗−Λ+`τ )δiα ,`τ δ jβ ,`τ , α,β ∈ {σ ,κ,τ}
Kedgeiα jβ = 2Re{Λ
+
`τ
}δiα `τ δ jβ ,`τ ,
(B4)
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Figure 8. Thermalization of a thermal quantum dot: Dynamics
of the vibronic numbers 〈niα 〉 for a 24Mg+-25Mg+-24Mg+ ion chain
(see the text for the particular parameters). The solid lines represent
the numerical solution of Eqs. (B3)-(B4), showing that the edge ions
thermalize much faster (see also the inset for 〈n1τ 〉, 〈n3τ 〉). For the
bulk ion, the numerical solution for the vibron number 〈n2σ 〉 given
by Eqs. (B3)-(B5) is displayed with red circles, and shows a good
agreement with the previous dynamics.
whereas for the effective bulk dissipation (5), we get
Jbulkiα jβ = ωαδiα jβ + J˜iα jβ ,
Wbulkiα jβ = (Λ˜
−
iα jβ
)∗− Λ˜+iα jβ , α,β ∈ {σ ,κ}
Kbulkiα jβ = 2Re{Λ˜+iα jβ }.
(B5)
The possibility of expressing the dissipative dynamics as a
closed set of differential equations (B3) allows us to circum-
vent numerical limitations, which would arise due to the large
truncation of the vibron Hilbert space required for some of the
simulations of the dissipative vibron model.
a. Thermal Quantum dot: vibron number
Let us consider the minimal scenario: the thermal quantum
dot. In this case, the chain is composed of three ions
τ−σ − τ,
such that heat transport takes place along the minimal chan-
nel: a single-ion connecting the two τ-reservoirs. In this
limit, Eq. (5) corresponds to single-oscillator master equation
that can be solved exactly, and yields a steady-state mean vi-
bron number of n¯2σ = Re{Λ˜+2σ 2σ }/Re{Λ˜−2σ 2σ − Λ˜+2σ 2σ }. Ac-
cording to Eq. (B2), this mean vibron number can be written
n¯2σ = (ΓLn¯L+ΓRn¯R)/(ΓL+ΓR), where we have introduced
the mean vibron numbers n¯L = n¯1τ , n¯R = n¯3τ . We thus obtain
the couplings ΓL = Γ1τ2σ ,2σ and ΓR = Γ
3τ
2σ ,2σ , which correspond
exactly to those introduced below Eq. (5) in the main text,
namely Γ`τ2σ ,2σ = 2piJ2σ ,`τρ`τ (ω2σ )J`τ ,2σ , where ρ`τ (ε) is the
Lorentzian density of states for the laser-cooled ions.
Let us now consider the realistic parameters for a τ-σ -τ
chain, where τ =24Mg+ and σ =25Mg+ as usual. In ad-
dition to the parameters introduced in previous sections, we
consider the detunings ∆1τ = −0.6Γτ , ∆3τ = −0.5Γτ , and
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the Rabi frequencies ΩLsw1τ = ΩLsw3τ = Γτ for the laser cool-
ing of the τ-ions, where we recall that Γτ/2pi = 41.4MHz.
With these parameters, the effective cooling rates of the τ-
ions would be γ1τ/2pi ≈ 86kHz, and γ3τ/2pi ≈ 106kHz. Ad-
ditionally, the mean number of vibrons for each reservoir
would be n¯1τ = 1.65, and n¯3τ = 1.63. The trap frequencies
are (ωαx,ωαy,ωαz)/2pi = (5,5,0.5)MHz, which lead to an
inter-ion distance of |z01τ − z02σ |= |z03τ − z02σ | ≈ 9µm, and to a
vibron tunneling strength of J1τ2σ /2pi = J3τ2σ /2pi ≈ 30kHz.
The constraint 2γ`τ  Jiα jβ is thus fulfilled, such that the τ-
ions thermalize fast and act as a reservoir for the bulk σ -ion.
In Fig. 8, we confirm this behaviour numerically. As dis-
played in the figure, the edge vibrons thermalize on a µs-
scale (see also the inset), whereas the bulk vibron number
reaches the steady state on a longer millisecond-scale. More-
over, the agreement of the numerical results shows that the
effective bulk Liouvillian (5) is a good description of the prob-
lem. Moreover, the red dashed line represents our predic-
tion for the stationary bulk vibrons (6), which also displays
a good agreement with the numerical results. Finally, the
blue dashed lines represent the laser-cooling vibron numbers
n¯1τ , n¯3τ , which perfectly match the edge steady state.
b. Double thermal quantum dot: vibron current
We turn into the double thermal quantum dot: a two-
oscillator channel connected to the two laser-cooled reservoirs
τ−σ −σ − τ,
where τ =24Mg+ and σ =25Mg+. We choose same parame-
ters as above, except for the detunings ∆1τ = −0.8Γτ , ∆4τ =
−0.6Γτ , the Rabi frequencies ΩLsw1τ = 1.4Γτ , ΩLsw4τ = Γτ , and
the trap frequencies (ωαx,ωαy,ωαz)/2pi = (5,5,0.2)MHz.
We consider an initial thermal state, where the two σ -ions
have a different vibronic number n¯2σ (0) = 2.4, and n¯3σ (0) =
1. Accordingly, we expect to observe a periodic exchange of
vibrons between the bulk ions, which is additionally damped
due to their contact with the reservoirs. In Fig. 9(a), we show
the thermalization dynamics of such a two-oscillator channel.
The clear agreement between the bulk (5) and edge (4) master
equations supports once more the validity of our derivations.
We now address the validity of the predictions for the
steady-state mean vibron number (6) and heat current (7).
To calculate the vibron current, note that the current opera-
tor can be defined through a continuity equation dniα/dt =
Ivib→iα − Ivib→iα . By applying this to the Hamiltonian (A3), we get
Ivib→iα =−i∑
β
∑
jβ>iα
J∗jβ iαa
†
iαa jβ +H.c.,
Ivibiα→ =−i∑
β
∑
jβ>iα
Jiα jβ a
†
jβ
aiσ +H.c.,
(B6)
where we have used Jiα jβ = J jβ iα . In the particular case of
Eq. (A3), the tunnelings are real. However, we keep the above
expression general since it will be useful in other sections be-
low. In Figs. 9(b)-(c), we let one of the Rabi frequencies vary
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Figure 9. Vibron number and current in a double thermal
quantum dot: (a) Thermalization dynamics for the number of
bulk vibrons 〈n2σ 〉,〈n3σ 〉 (see the text for the particular parameters).
The solid lines correspond to the numerical solution of Eqs. (B3)-
(B4), and the symbols to the numerical solution of Eqs. (B3)-(B5).
The grey dashed lines represent the reservoir mean vibron numbers
n¯L, n¯R, while the red dashed line stands for the theoretical predic-
tion for the bulk vibron number (6). (b) Steady-state bulk vibron
number 〈n2σ 〉= 〈n3σ 〉 as a function of the system-reservoir effective
couplings ΓL,ΓR. The green crosses represent the numerical solu-
tion of Eqs. (B3)-(B4), the red circles that of Eqs. (B3)-(B5), and the
yellow solid line corresponds to the theoretical prediction in Eq. (6).
(c) Same as above, but displaying the steady-state vibron currents
〈Ivib2σ→〉ss according to Eqs. (B3)-(B4) (crosses), Eqs. (B3)-(B5) (cir-
cles), and the prediction (7) (solid line).
in the range ΩLsw4τ ∈ [0.1Γτ ,10Γτ ], which allows us to modify
the ratio ΓL/ΓR. As shown in these figures, if the constraint
2γ`τ  Jiα jβ is fulfilled, there is an excellent agreement of
both numerical solutions.
c. Thermal quantum wire: assessing Fourier’s law
Let us now consider a mesoscopic thermal quantum wire
(TQW) with N = 20 ions, which would have a length of
L ≈ 0.21mm for the trap frequencies (ωαx,ωαy,ωαz)/2pi =
(5,5,0.1)MHz. The configuration of ions species is
τ−σ −·· ·−σ −·· ·−σ − τ,
where τ =24Mg+ and σ =25Mg+, and we choose the detun-
ings ∆1τ =−0.8Γτ , ∆Nτ =−0.6Γτ . We shall use this setup to
test the validity of Fourier’s law of thermal conduction. This
law predicts the onset of a linear gradient in the number of car-
riers between the reservoirs 〈niα 〉FL = n¯L+ iα(n¯R− n¯L)/N.
In Fig. 10, we represent the number of vibrons in the steady
state of the TWQ if the laser-cooling Rabi frequencies are set
to ΩLsw1τ = ΩLswNτ = 1.4Γτ . These numerical simulations con-
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Figure 10. Thermal quantum wire: Steady-state number of vi-
brons 〈niα 〉 along the ion chain (see the text for the particular pa-
rameters). The bulk of the TQW displays a homogeneous number of
vibrons, in contrast to Fourier’s law. The yellow (green) bars corre-
spond to the numerical solution of Eqs. (B3)-(B4) (Eqs. (B3)-(B5)).
firm the theoretical prediction (6) to a good degree of accu-
racy. It is also clear from this figure that the number of vibrons
does not display a linear gradient, as predicted by Fourier’s
law, but is rather homogeneous. As mentioned in the main
text, this apparent violation of Fourier’s law is not a surprise,
since this law applies to diffusive processes, whereas our vi-
bron transport is ballistic. Let us now explore two possible
mechanisms to introduce diffusive dynamics in the problem.
i) Noise-induced dephasing.– A possible mechanism to in-
troduce diffusion in the transport is to consider an engineered
noise leading to dephasing in the vibron tunneling. This can
be accomplished by injecting a noisy signal in the trap elec-
trodes [14], leading to fluctuating trap frequencies that modify
the on-site energies of the tight-binding Hamiltonian
Hvo→ Hvo+δHvo(t) =∑
iα
(ωiα +δωiα (t))a
†
iαaiα .
Here, we have considered that δωiα (t) is a zero-mean random
Markov process that is stationary and Gaussian. Such process,
usually known as the Ornstein-Uhlenbeck process [15], is typ-
ically characterised by a diffusion constant c, and a correlation
time τc, which we assume to be much shorter than the time-
scales of interest t τc. Moreover, we introduce a correlation
length ξc in order to model the extent of the noisy signal on
the trap electrodes. The power spectrum of this noise is
Sδωiα ,δω jβ (ω) = Re
{∫ ∞
0
dtδωiα (t)δω jβ (0)e
+iωt
}
,
where the ”bar” refers to the statistical average over the ran-
dom process. In particular, the above three constants deter-
mine completely the noise spectrum
Sδωiα ,δω jβ (ω) =
Γd
1+(ωτc)2
e−
|z0iα −z
0
jβ
|
ξc ,
where we have introduced the equilibrium positions of the
ions, and the dephasing rate Γd = cτ2c /2.
By using a Born-Markov approximation to account for the
fluctuating trap frequencies, the master equation becomes
µ˙ =Lddsv(µ)−
∫ ∞
0
dt ′[δHvo(t), [δHvo(t− t ′),µ]].
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Figure 11. The dephasing route to Fourier’s law: (a) Steady-state
number of vibrons 〈niα 〉 for an inhomogeneous ion chain in a linear
Paul trap. As the correlation length of the dephasing noise ξc de-
creases (in units of the nearest-neighbour spacing at the centre of the
chain), keeping Γd = 10γNτ , we observe a inhomogeneous distribu-
tion of vibrons across the chain. Far away from the edges and close
to the bulk of the chain, the distribution displays a linear gradient.
(b) Steady-state number of vibrons 〈niα 〉 for an homogeneous chain
in micro-fabricated ion trap array. As ξc decreases and Γd = 10γNτ
is fixed, we observe a perfect linear gradient across the chain. There-
fore, edge effects are less pronounced in this homogeneous scenario.
Using the above noise spectrum, the Liouvillian of the TQW
gets the additional contribution of a pure-dephasing super-
operatorLddsv→Lddsv+Dd, where
Dd(•) = ∑
α,β
∑
iα , jβ
Sδωiα ,δω jβ (0)(niα •n jβ −n jβ niα•)+H.c.,
(B7)
such that the dephasing rate only depends on the zero-
frequency component of noise spectrum. We also observe that
ξc controls the collective effects in the dephasing dynamics of
the TQW: if ξc → 0, we obtain a purely local dephasing that
introduces phase-breaking processes in the vibron transport,
whereas for ξc → ∞, the noise is purely global, such that the
tunneling dynamics is not affected, and remains ballistic.
This collective dephasing modifies the system of differ-
ential equations (B3) for the two-point vibron correlators
Ciα , jβ = 〈a†iαa jβ 〉, which becomes
dC
dt
= i[J,C]− (WC+CW∗)−DC+K, (B8)
where we have introduced the following matrix
D= ∑
α,β
∑
iα , jβ
2Γd
(
1− e−|z
0
iα−z0jβ |/ξc
)
|iα〉〈 jβ |.
Here, {|iα〉}Niα=1 form an orthogonal basis of the N-
dimensional subspace of the two-point correlators.
In Fig. 11, we compute the steady state solution of the
above system of differential equations (B8). We consider the
same experimental parameters as previously, and set the de-
phasing rate to Γd = 10γNτ . As can be observed in Fig. 11(a),
in the limit of large correlation lengths ξc ∼ |z˜1τ − z˜Nτ |, the
vibrons display the same homogeneous distribution that does
not agree with Fourier’s law (i.e. ballistic regime). As the cor-
relation length is decreased, a linear gradient starts to develop
at the bulk of the chain (diffusive regime). It is interesting that
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we have a single parameter to control the ballistic-diffusive
crossover. However, note that edge effects mask the linear
gradient. We have found that these edge effects are particu-
larly strong for a linear Paul trap, since the equilibrium posi-
tions correspond to an inhomogeneous crystal. By modifying
the dc trapping potentials, or by considering micro-fabricated
ion traps, it is possible to obtain a homogeneous ion crystal.
In Fig. 11(b), we study numerically the distribution of vibrons
in this regime. Our results show that edge effects are less pro-
nounced, and a perfect linear gradient arises as predicted by
Fourier’s law.
ii) Spin-assisted random disorder.– In order to introduce an-
other diffusive mechanism for the transport of vibrons, we
apply a spin-vibron coupling (3). By controlling the laser
intensities, polarisations and frequencies, we further impose
that νσ = ∆ω+σ = 0, which leads to a static spin-vibron cou-
pling Hσsv = ∑iσ
1
2∆ω
−
σ niσσ
z
iσ , whose strength ∆ω
−
σ can be
controlled at will. The idea to mimic the effects of diago-
nal disorder is to use the spin degrees of freedom as a gadget
to build a Liouvillian with random on-site energies. Here, the
randomness is inherited from the quantum superposition prin-
ciple in the spin degrees of freedom [16, 17].
Let us consider an initial pure state for the σ -spins of the
TQW, namely µspin(0) = |Ψ0〉〈Ψ0|. Without loss of general-
ity, it can be expressed as |Ψ0〉 = ∑{siσ } c{siσ }|{siσ }〉, where{siσ } = {s2σ ,s3σ , · · · ,sN−1σ } is a particular spin configura-
tion for the bulk σ -ions siσ ∈ {↑σ ,↓σ}. The reduced density
matrix of the vibrons evolves in time according to
µvib(t) = Trspin{eLddsv({σ
z
iσ })tµspin(0)⊗µvib(0)},
where we have rewritten the spin-vibron Liouvillian (4) mak-
ing explicit reference to its dependence on the spin operators
Lddsv({σ ziσ }) =Lddsv({σ z2σ ,σ z3σ , · · · ,σ zN−1σ }). From this ex-
pression, the reduced density matrix evolves as
µvib(t) = ∑
{siσ }
p{siσ }e
Lddsv({siσ })tµvib(0),
which can be interpreted as an statistical average of the time-
evolution under a stochastic Liouvillian. In particular, the Li-
ouvillianLddsv({siσ }) depends on the binary variables {siσ },
which inherit their randomness from the quantum parallelism
of the initial spin state. In fact, the associated probability dis-
tribution for the binary random variable is p{siσ } = |c{siσ }|2.
Therefore, we can formally write µvib(t) = µvib(t), where the
”bar” refers to a statistical average over a random Liouvillian
Lddsv→Lsdtb(µvib) =−i[Hstb,µvib]+∑`
τ
D `τv (µvib). (B9)
Here, D `τv is the dissipator acting on the edge vibrons (2),
whereas the stochastic tight-binding Hamiltonian is
Hstb=∑
α,iα
εiαa
†
iαaiα+∑
α,β
∑
iα 6= jβ
(
Jiα jβ a
†
iαa jβ+H.c.
)
.
Here, the on-site energies of the bulk σ -ions are binary ran-
dom variables sampling εiσ ∈ {ωiσ − 12∆ω−σ ,ωiσ + 12∆ω−σ }.
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Figure 12. The disorder route to Fourier’s law: Steady-state num-
ber of vibrons 〈niα 〉 for an inhomogeneous ion chain in a linear Paul
trap (purple crosses), and a homogeneous ion chain in a microtrap
array (green crosses). We observe an inhomogeneous distribution of
vibrons across the chain. Far away from the edges, and close to the
bulk of the chain, the distribution displays a linear gradient.
For an initial spin state |Ψ0〉=⊗iσ (|↑iσ 〉+ |↓iσ 〉)/
√
2, this di-
agonal disorder has a flat probability distribution p(εiσ ) =
1
2 .
In order to study the steady state for the vibrons thermal-
izing under this disordered Liouvillian (B9), we can solve
the system of differential equations for the two-point corre-
lators (B3) for each realisation of the diagonal disorder
dC{εiσ }
dt
= i[J,C{εiσ }]− (WC{εiσ }+C{εiσ }W∗)+K. (B10)
Then, we should average over the random variable according
to the probability distribution p(εiσ ) =
1
2 . Because of the dis-
order, Jedgeiα jβ ({εkσ }) = εiα δiα jβ +Jiα jβ becomes stochastic. Af-
ter performing the statistical average C(t), we can reconstruct
the vibron density of the disordered TQW.
We consider the same setup as in Fig. 10 for the ordered
TQW, namely a N = 20 ion chain. Moreover, we use the
same parameters introduced there. For the spin-induced dis-
order, we set ∆ω−σ = 10γNτ , which corresponds to a strong
spin-vibron coupling. In Fig. 12, we represent the distribution
of vibrons along the TQW in the steady-state. In this case, the
predictions for both a homogeneous ion crystal (i.e. microtrap
array), and an inhomogeneous one (i.e. linear Paul trap) coin-
cide. As a consequence of the disorder-induced diffusion, the
vibron layout is no longer homogeneous, but rather displays a
linear gradient far way from the edges of the chain.
Before closing this section, let us also comment on another
interesting perspective for the TQW, namely the possibility of
realising noise-assisted quantum heat transport. As demon-
strated in [18], the efficiency of transport in quantum networks
including linear chains with disorder may be sometimes in-
creased by the presence of local dephasing noise. In order
to test this prediction in our current scenario, let us note first
that the presence of disorder (B9) will partially inhibit the heat
transport. By switching on the local dephasing (C5), the in-
terference leading to Anderson localization, or transport bot-
tlenecks due to energy mismatches between neighboring sites,
can be overcome thanks to the presence of noise, thus assist-
ing the transport of heat. This can be probed by the current
measurement described in a section below.
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d. Thermal leads and single-spin heat switch
We now consider a mesoscopic ion chain with N ions. The
configuration of ions species is
τ−σ −·· ·−σ −κ−σ −·· ·−σ − τ,
where τ =24Mg+, σ =25Mg+, and κ =9Be+. The κ-ion plays
the role of the thermal quantum dot (TQD), the τ-ions act ef-
fective vibronic reservoirs, and the left/right chain of σ -ions
acts as a lead that connects the TQD to the reservoirs. We will
start by discussing the conditions under which the σ -ions can
be interpreted as effective thermal leads. Then, we will dis-
cuss how to control the tunneling of vibrons across the κ-ion,
which can be exploited to build a single-spin heat switch.
i) Effective thermal leads.– In order to devise the leads, we
apply a strong and static spin-vibron coupling (3) to the σ -
spins, namely Hsv = ∑iσ
1
2∆ω
−
σ niσσ
z
iσ . In this case, we con-
sider the strong-driving regime
J˜iα jβ , Λ˜
±
iα jβ
 |∆ω−σ |  δ`τ ,γ`τ , (B11)
and the following initial state for the spins of the leads |ψ0〉=
|↓σ · · · ↓σ 〉|φpκ 〉|↑σ · · · ↑σ 〉, where |φκ〉 is an arbitrary spin
state of the κ-ion. In this regime, the spin-vibron coupling
provides a large and static shift of the vibron on-site energies
ωiσ → ω˜iσ = ωiσ − 12∆ω−σ θ(pκ − iσ )+ 12∆ω−σ θ(iσ − pκ),
where we have introduced the Heaviside step function θ(x) =
1, if x > 0. Because of these shifts, the thermalization of the
bulk ions described in Sec. B 1 must be re-addressed. Assum-
ing that the separation of time-scales is valid, we can derive
a similar master equation (B1) for the bulk ions. However,
in the limit (B11) a rotating wave approximation allows us to
neglect all the tunneling processes that lead to the thermaliza-
tion between the two halves of the ion chain. This observation
allows use to partition the master equation into
˙˜µbulk =LL(µ˜bulk)+LLκR(µ˜bulk)+LR(µ˜bulk). (B12)
Here, we have introduced the Liouvillian for each of the leads
LL/R(•) =−i[HL/R,•]+DL/R(•). For the left-most lead
HL = ∑
iσ , jσ<pκ
J˜iσ , jσ a
†
iσ a jσ e
+i(ω˜iσ−ω˜ jσ )t +H.c.,
where we have used the renormalized tunnelings of Eq. (??).
Additionally, the corresponding dissipators are
DL = ∑
iσ , jσ<pκ
D [Λ˜+iσ , jσ ,a
†
iσ (t),a jσ (t)]+D [Λ˜
−
iσ , jσ ,aiσ (t),a
†
jσ (t)],
where we have used the dissipative couplings in Eq. (B2),
the interaction picture operators aiσ (t) = aiσ e
−iω˜iσ t , and the
generic super-operator (A13). Note that for the right-most
lead, the expressions are equivalent, but we must sum over
sites iσ , jσ > pκ . The final part is the coupling of the leads to
the TQD, which can be expressed as
LLκR(•) =−i
[
HLκR(t),•
]
+Dκ(•), (B13)
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Figure 13. Thermal leads: (a) Steady-state number of vibrons 〈niα 〉
along the ion chain in the absence of the static spin-vibron coupling
∆ω−σ = 0 (see the text for the remaining parameters). The bulk of the
chain yields a homogeneous number of vibrons. The bars (yellow,
red, and blue) correspond to the numerical solution of Eqs. (B15).
(b) Same as above but setting a strong spin-vibron coupling ∆ω−σ =
200J1τ2σ . The number of vibrons displays a step-like function.
where we have introduced the Hamiltonian
HLκR(t) = ∑
iσ 6=pκ
2J˜iσ ,pκa
†
iσ apκ e
+i(ω˜iσ−ω˜`κ )t +H.c., (B14)
and the dissipator due to the long-range tunneling between the
reservoir and the TQD
Dκ =D [Λ˜+pκ ,pκ ,a
†
pκ ,apκ ]+D [Λ˜
−
pκ ,pκ ,apκ ,a
†
pκ ],
From the master equation (B12), we thus expect that the
left/right half or the chain thermalizes individually with the
left/right reservoir, such that the mean vibron number is
〈niσ 〉ss ≈ n¯Lθ(pκ − iσ )+ n¯Rθ(iσ − pκ). Thus, the two chains
of σ -ions serve as a lead to connect the reservoirs to the κ-ion,
modifying the local density of states seen by the TQD.
In order to support this theoretical prediction, we integrate
numerically the system of differential equations for the two-
point correlators Ciα jβ = 〈a†iαa jβ 〉, namely
dC
dt
= i[J˜edge,C]− (WedgeC+C(Wedge)∗)+Kedge, (B15)
where the matrices Wedge,Kedge have been defined in
Eq. (B4). Because of the on-site energy shifts, we have to
modify J˜edgeiα jβ = ω˜iα δiα jβ + Jiα jβ , α,β ∈ {σ ,κ,τ}. In Fig. 13,
we represent the mean value of vibrons in the steady state
of a N = 13 ion chain, where we recall that the chosen
species are τ =24Mg+, σ =25Mg+, and κ =9Be+. We con-
sider the following trap frequencies (ωαx,ωαy,ωαz)/2pi =
(5,5,0.1)MHz, and the laser-cooling parameters ∆1τ =
−0.8Γτ , ∆13τ = −0.6Γτ , and ΩLsw1τ = ΩLsw13τ = 2.4Γτ , such
that we expect each reservoir to thermalize to n¯1τ = 1.84, and
n¯13τ = 1.65. In Fig. 13(a), we represent our results in the
absence of the on-site energy shifts ∆ω−σ = 0. In analogy to
the TQW [Fig. 10(a)], we recover the expected homogeneous
mean number of vibrons along the whole bulk. In Fig. 13(b),
we study the consequences of switching a very strong spin-
vibron coupling ∆ω−σ = 200J1τ2σ . In this case, the left half
of the chain thermalizes to the left reservoir 〈niσ 〉ss ≈ n¯L for
iσ < 7κ , whereas the right half thermalizes to 〈niσ 〉ss ≈ n¯R for
iσ > 7κ . We can thus conclude that our prediction where each
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lead thermalizes to the neighbouring reservoir, describes con-
siderably well the actual steady state of the mixed ion chain.
Let us also note that, according to the coupling of the leads
to the TQD described by LLκR (B13), the tunneling of vi-
brons across the TQD also becomes rapidly rotating in the
regime of strong couplings ∆ω−σ = 200J1τ2σ , such that the
current through the TQD is inhibited. In fact, we find numer-
ically that the vibron current through the κ-ion is 〈Ivibpκ→〉ss ≈
1.6 · 10−4vibrons/s. This must be contrasted to the case of
∆ω−σ = 0, where 〈Ivibpκ→〉ss ≈ 15vibrons/s. For experimental
time-scales, we can consider that the strong drivings ∆ω−σ
suppress completely the vibron current through the TQD.
Hence, only the long-range tunnelings to the reservoirs influ-
ence the thermalization of the TQDLLκR ≈Dκ .
ii) Single-spin heat switch.– We now describe a mecha-
nism to switch on the vibron current across the TQD. We
make use of the last ingredient in our toolbox (4), a peri-
odic spin-vibron coupling (3) applied to the κ-ions Hκsv(t) =
1
2 (∆ω
+
κ +∆ω−κ σ zpκ )cos(νκ t−ϕκ)npκ . According to Sec. A 4,
and the explicit relations in Eqs. (A18)-(A19), we can achieve
such a spin-vibron coupling by using a pair of laser beams
with different frequencies. Moreover, by adjusting the laser
intensities, detunings, polarizations, and phases, we impose
νκ = 12∆ω
−
σ , ϕκ = 0, ∆ω−κ = r∆ω+κ . (B16)
The idea is to use this periodic modulation to bridge the gradi-
ent of on-site energies between the two halves of the chain, as-
sisting in this way the tunneling through the TQD. Moreover,
we exploit the spin-dependent drivings, such that depending
on the parameter r, we can build a single-spin heat switch.
Let us supplement the Liouvillian (B13) with the periodic
spin-vibron coupling HLκR(t)→ H˜LκR(t) =HLκR(t)+Hκsv(t).
In order to understand its effects, we move into another in-
teraction picture with respect to the periodic driving apκ →
UsvapκU
†
sv, where Usv = exp{i
∫ t
0 dt
′Hκsv(t ′)}. This leads to
apκ → apκ e−iζκ (1+rσ
z
pκ )sin(νκ t), with ζκ = ∆ω
+
κ
2νκ , which can be
inserted in the the tunneling of vibrons between the TQD and
the leads (B14). By using the Jacobi-Anger expansion for
the first-kind Bessel functions Jn(z), together with the con-
straints (B16), it is possible to derive an effective Hamiltonian
for the coupling of the leads to the TQD
HPATLκR ≈− ∑
iσ<pκ
2J˜iσ pκJ1
(
ζκ(1+ rσ zpκ )
)
a†iσ apκ + ∑
iσ>pκ
2J˜iσ pκJ1
(
ζκ(1+ rσ zpκ )
)
a†iσ apκ +H.c. (B17)
Here, we have considered that all species have the same
trap frequencies, and used a rotating wave approximation for
J˜iσ pκ  12 |∆ω−σ |. As announced previously, Eq. (B17) shows
that for the resonance condition νκ = 12∆ω
−
σ , the periodic
spin-vibron coupling is capable of assisting the tunneling of
vibrons across the TQD. Moreover, the spin-dependence of
the effective tunneling via J1
(
ζκ(1+ rσ zpκ )
)
can be exploited
to build a single-spin heat switch. By setting r = 1, we obtain
J1
(
ζκ(1+σ zpκ )
)
= J1(2ζκ)|↑κ〉〈↑κ |, such that the tunneling
is only allowed if the κ-ion is in the spin-up state. Therefore,
by controlling the κ-spin using microwave or laser radiation
(i.e. pi pulses), it is possible to switch on/off the heat current.
In order to check these predictions numerically, we con-
sider a simplified setup, namely a σ − κ −σ junction mim-
icking the connection of the thermal leads to the TQD. Rather
than studying the steady state, we will concentrate on the co-
herent dynamics to show that the tunneling can be switched
on/off by controlling the spin state of the the κ-ion. Let us de-
fine the parameters for this setup. We consider the usual trap
frequencies (ωαx,ωαy,ωαz)/2pi = (5,5,0.1)MHz, and set the
parameters of static spin-vibron coupling for the σ -ions (3) to
∆ω+σ = −2(J2κ2κ − J1σ 1σ ) and ∆ω−σ = 103J1σ 2κ . This pro-
vides an energy gradient that inhibits the tunneling across
the TQD. The parameters of the periodic spin-vibron cou-
pling of the κ-ion (3) are given by Eqs. (B16), where we set
r = 1. All these ingredients contribute to the dynamics given
by H(t) =Hσsv+H
κ
sv(t)+Htb, which is solved numerically and
compared to the theoretical predictions from HPATLκR (B17).
We consider the initial state ρ(0) = ρ1σ ⊗ρ2κ ⊗ρ3σ , where
ρiα = |niα 〉〈niα | ⊗ |siα 〉〈siα | is determined by the vibrational
Fock states n1σ = 1, n2κ = 0, n3σ = 0, and the spin states
siα ∈ {↑iα ,↓iα}. We want to understand how the dynamics of
such an initial state for s1σ =↓1σ , s3σ =↑1σ , is modified by
changing s2κ ∈ {↑2κ ,↓2κ}. In Fig. 14(a), we set s2κ =↑2κ , and
observe how the vibron initially at the leftmost σ -ion tunnels
through the TQD until it reaches the rightmost σ -ion. The
agreement between both descriptions supports the validity of
our derivation. Therefore, we expect that by interspersing pi
pulses that invert the κ-spin |↑2κ 〉 ↔ |↓2κ 〉, we can switch
on/off the vibron current. In Fig. 14(b), we show that two
consecutive pi pulses allow us to switch off the vibron current
momentarily, which thus confirms our prediction.
Appendix C: Spin-based measurements of heat transport
The goal of this section is to present a detailed derivation,
supported by numerical simulations, of the Ramsey probes for
measuring vibronic observables (8). Then we particularise to
the measurements of the vibron number and the heat current.
1. Ramsey measurement of vibronic observables
Let us start from the bulk spin-vibron model in Eq. (5), and
consider a generic spin-vibron coupling for the κ-spins
Hbulksv (t)→ H˜Osv =∑
iκ
1
2λOOiκσ
z
iκ , (C1)
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Figure 14. Single-spin heat switch: (a) Mean number of vibrons
〈niα 〉 as a function of time in the regime of photon-assisted tunnel-
ing s2κ =↑2κ (see the text for the remaining parameters). The solid
lines (〈n1σ 〉 blue, 〈n2κ 〉 red, 〈n3σ 〉 yellow) represent the exact solu-
tion of H(t), while the open symbols (〈n1σ 〉 circles, 〈n2κ 〉 diamonds,
〈n3σ 〉 squares) correspond to the effective photon-assisted-tunneling
Hamiltonian HPATLκR. (b) Mean number of vibrons 〈niα 〉 (same as in
(a)) as a function of time, where the κ-spin undergoes two consec-
utive pi-pulses that switch off/on the current. Note that the pi-pulses
are synchronised with the period of the spin-vibron coupling Hκsv(t).
where the ”tildes” refer to the interaction picture with respect
to the spin and on-site vibron Hamiltonians H0 = Hσs +H
κ
s +
Hrvo. Here, we have introduced an arbitrary vibronic operator
Oiκ = Oiκ ({a jκ ,a†jκ}), and the spin-vibron coupling λ0. In
the sections bellow, we will specify to measurements of the
vibron numbers Oiκ = niκ , and vibron currents Oiκ = I
vib
iκ→.
Since we want to probe the steady state of the bulk ion
chain, the above spin-vibron coupling should disturb mini-
mally the dynamics of the vibrons. Therefore, we impose
|λO|  J˜iα jβ , Λ˜±iα jβ , (C2)
which allows us to divide the bulk dissipative model (5) into
L˜0(µ˜bulk) =−i[H˜rvt, µ˜bulk]+ D˜bulk(µ˜bulk),
L˜1(µ˜bulk) =−i[H˜Osv, µ˜bulk],
(C3)
where H˜rvt is tunneling part of the renormalized tight-binding
model (5). The idea now is to project onto the steady-state
of the bulk ions, which is given by L0(µssbulk) = 0. We use
again the projection-operator techniques in Eq. (A11), where
the projector is now Pbulk{•} = µssbulk ⊗ Trσ ,spin{Trvib{•}}.
This yields an effective master equation for the κ-spins
dµ˜spinκ
dt
=LRamsey(µ˜
spin
κ ) =−i[HR, µ˜spinκ ]+DR(µ˜spinκ ). (C4)
Here, we have introduced a Hamiltonian that is responsible
for the coherent part of the probe HR =∑iκ
1
2λ0〈Oiκ 〉ssσ ziκ , and
maps the information about the mean value of the vibronic op-
erator Oiκ onto the phase evolution of the spins. The vibronic
fluctuations will be coded into the incoherent part of the probe
DR(•) = ∑
iκ , jκ
1
4λ
2
0 SOiκO jκ(0)(σ
z
iκ •σ zjκ −σ zjκσ ziκ•)+H.c..
(C5)
Here, we have introduced the spectral function of the correla-
tor between two vibronic observables
SOiκO jκ(ω) =
∫ ∞
0
dt〈O˜iκ (t)O˜ jκ (0)〉sse+iωt , (C6)
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Figure 15. Spin-based measurements for heat transport: (a) (up-
per panel) We consider a situation analogous to a thermal quantum
wire (TQW) (i.e. a bar connected to two heat reservoirs with differ-
ent temperatures). (mid panel) In the trapped-ion scheme [Fig. 1], we
switch on the lasers Ltwκ for the κ-species leading to a static and weak
spin-vibron coupling (3). If the κ-spins are initialised in a linear su-
perposition |+iκ 〉= (|↑iκ 〉+ |↓iκ 〉)/
√
2, the spin dynamics resembles
a Ramsey interferometer capable of capturing the information about
the mean vibron number and its fluctuations (lower panel). (b) (up-
per panel) We consider a situation analogous to a thermal quantum
dot (TQD) connected to two thermal leads in equilibrium with two
reservoirs held at different temperatures. (mid panel) In addition to
the static spin-vibron coupling of the σ -ions of (a), the lasers Ltwκ
should induce now a periodic and weak spin-vibron coupling (3). In
this case the driving is responsible for assisting the tunneling, but
also for mapping the information about the vibron current to the spin
coherences in a Ramsey-type interferometer (lower panel).
where the operators O˜iκ = Oiκ − 〈Oiκ 〉ss quantify the
fluctuations from the steady-state values, and we use
〈O˜iκ (t)O˜ jκ (0)〉ss = Tr{O˜iκ eL˜0tO˜ jκ µssbulk}. Therefore, the
zero-frequency component of the spectral function (C6) de-
termines the dephasing of the probe (C5).
We now describe in detail how the mean value and the
fluctuations of the vibronic operator Oiκ can be measured
in analogy to a Ramsey interferometer [Fig. 15(a)-(b)]. Let
us analyse the case where the probe is made of a single
κ-ion initialised by a pi/2-pulse in µspiniκ (0) = |+iκ 〉〈+iκ |,
where |+iκ 〉 = (|↑iκ 〉 + |↓iκ 〉)/
√
2. Then, the bulk ions
evolve under the Liouvillian L0 (C3), such that their vibrons
reach the steady state, while the κ-spins evolve according
to LRamsey (C4), acquiring thus information about the vi-
bron observable Oiκ . In order to recover this information,
we perform another pi/2-pulse, and measure the probabil-
ity of observing the κ-ion in the spin-down state P↓iκ . The
second pulse, and the projective measurement, are equiva-
lent to the measurement of the spin coherence 〈σ˜ xiκ (t)〉, where
σ˜ xiκ = |↑iκ 〉〈↓iκ |e−iω
σ
0 t + |↓iκ 〉〈↑iκ |e+iω
σ
0 t , which according to
Eq. (C4) evolves as
〈σ˜ xiκ (t)〉= cos(λO〈Oiκ 〉sst)e
−λ 2ORe{SOiκ Oiκ(0)}t . (C7)
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Therefore, by measuring the spin populations as a function
of time, we expect to get damped oscillations, the period
of which gives us information about the mean number of
vibrons, while their damping is proportional to the vibron-
number fluctuations in the steady-state. Let us note that
the spin-population measurements can be performed through
the state-dependent fluorescence of the trapped ion, a tech-
nique routinely used in many laboratories that allow for ac-
curacies reaching 100% for detection times in the millisec-
ond range [20]. Let us remark that, since we are interested
in steady-state properties of the vibrons, this measurement
scheme is not sensitive to the time-resolution of the spin-state
readout. Hence, this does not pose any limitation to the target
accuracies reaching 100%. Let us finally note that, according
to Eq. (C6), if the probe consists of several κ-ions, we will
also have access to the two-point correlations of distant ions.
2. Particular applications: vibron number and current
i) Measurement of the vibron number.– In order to tailor the
coupling (C1) to probe the vibron number (i.e. Oiκ = niκ ),
we must resort to a weak and static spin-vibron coupling (3).
According to Eqs. (A18)-(A19), we can achieve such a spin-
vibron coupling by using a pair of laser beams with equal fre-
quencies, leading to Hκsv = ∑iκ
1
2∆ω
−
κ niκσ
z
iκ . In light of the
notation used in Eq. (C1), we identify Oiκ = niκ [Fig. 15(a)],
and λ0 = ∆ω−κ , which can be tuned to fulfil the required probe
condition (C2). If we restrict to a single probing ion labeled by
pκ , according to Eqs. (C4), the coherences evolve as follows
〈σ˜ xpκ (t)〉= cos(∆ω−κ 〈npκ 〉sst)e−(∆ω
−
κ )
2Re{Snpκ npκ(0)}t , (C8)
which coincides with the description in the main text, and al-
lows us to extract the vibron mean number and fluctuations.
To support our derivations, we analyse numerically the
Ramsey measurement for the vibron number. Because of the
introduction of the κ-spins, the dynamics of the system is no
longer quadratic as in Sec. B 2, which forbids finding a closed
system of differential equations for the vibronic two-point cor-
relators. Therefore, we have to obtain numerically the time
evolution of the complete density matrix µbulk(t) given by
Eq. (C3), and then calculate the observable 〈σ˜ xiκ (t)〉. Because
of the computational cost of this problem, let us simplify max-
imally the setup where the Ramsey measurement can be devel-
oped by considering a thermal quantum dot (TQD). However,
in contrast to Sec. B 2 a, we will consider the arrangement
τ−κ− τ , where τ =24Mg+ and κ =9Be+. We use the same
parameters introduced in previous sections, but set the detun-
ings ∆1τ = −0.6Γτ , ∆3τ = −0.5Γτ , and the Rabi frequencies
ΩLsw1τ = ΩLsw3τ = Γτ for the laser cooling of the τ-ions. The
trap frequencies are (ωαx,ωαy,ωαz)/2pi = (5,5,0.25)MHz,
which lead to a tunneling J1τ2κ/2pi = J3τ2κ/2pi ≈ 35kHz.
According to Eq. (5), the master equation of the κ-ion can
be solved exactly, and we obtain the mean number of vibrons
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Figure 16. Ramsey measurement of the vibron number: (a)
Dynamics for the coherence of the probe spin 〈σ˜ x2κ (t)〉. The grey
dashed line would represent the periodic oscillations in Eq. (C8)
in a noiseless scenario. However, because of the quantum noise
Sniκ niκ(0), such oscillations get damped as shown by the numerical
solution (green solid line). The crosses correspond to a numerical
fit 〈σ˜ x2κ (t)〉 = cos(at)exp{−bt}, with fitting parameters a,b, which
allow us to recover the mean value and fluctuations via Eq. (C8).
(b) Mean value of the vibron number obtained from the numerical fit
〈n2κ 〉ss = a/∆ω−κ (solid line). The dashed line represents the theoret-
ical prediction (C9). As expected, for ∆ω−κ → 0, the probe does not
disturb the bulk vibrons, and we recover the predicted mean number
of vibrons (C9) (dashed line). (c) Quantum noise of the vibron num-
ber obtained from the numerical fit 〈Sn2κ n2κ(0)〉ss = b/(∆ω−κ )2 (solid
line). For ∆ω−κ → 0, we recover the prediction (C9) (dashed line).
and the noise fluctuations by the quantum regression theorem
n¯2κ =
ΓLn¯L+ΓRn¯R
ΓL+ΓR
, Sn2κ ,n2κ(0) =
n¯22κ + n¯2κ
2(Λ˜−2κ2κ − Λ˜+2κ2κ )
. (C9)
Therefore, this particular TQD offers a neat playground to test
the proposed measurement scheme.
We now solve numerically the master equation (5) consider-
ing the above realistic parameters, and compute the dynamics
of the coherences 〈σ˜ x2κ (t)〉. In Fig. 16(a), we represent the nu-
merical results for these coherences (solid line), and perform a
numerical fit (crosses) to the expected behaviour in Eq. (C8),
which allows us to infer the mean value and the quantum noise
of the vibron number 〈n2κ 〉ss, Sn2κ n2κ(0). In Figs. 16(b)-(c),
we represent the results obtained from this numerical fit as
a function of the probing strength ∆ω−κ . If the probe is too
strong, there is an important back-action on the bulk vibrons,
and the values obtained from the fit depart from the theoretical
prediction (C9). Conversely, for ∆ω−κ → 0, the probe disturbs
minimally the system, yielding an acceptable agreement with
the theoretical predictions (C9). It is important to emphasise
that, although ∆ω−κ → 0, the time for the Ramsey measure-
ment is fixed to t = 10ms in the numerical simulations, which
is a reasonable regime considering typical decoherence times
in trapped-ion experiments. Hence, the limit ∆ω−κ → 0 does
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Figure 17. Effective tunneling for the current Ramsey measure-
ments: (a) Mean number of vibrons 〈niα 〉 as a function of time in
the regime of photon-assisted tunneling s2κ =↑2κ (see the text for the
remaining parameters). The solid lines (〈n1σ 〉 blue, 〈n2κ 〉 red, 〈n3σ 〉
yellow) represent the exact solution of H(t), while the open symbols
(〈n1σ 〉 circles, 〈n2κ 〉 diamonds, 〈n3σ 〉 squares) correspond to the ef-
fective photon-assisted-tunneling Hamiltonian HLκR = HPatLκR +H
I
sv.
(b) Time evolution of the spin coherence of the probe κ-ion, 〈σ x2κ (t)〉,
for an initial spin state |Ψ2κ (0)〉 = |+2κ 〉. Because of the effective
spin-current coupling (C11), the the coherences display periodic os-
cillations that depend on the periodicity of the assisted tunneling.
not require to prohibitively large experimental times.
ii) Measurement of the vibron current.– We now address
a possible way of designing the coupling (C1) to probe the
vibron current (i.e. Oiκ = I
vib
iκ→). In particular, we analyse the
current through a TQD connected to the reservoirs by a couple
of leads [Fig. 15(b)]. Let us recall that this setup is described
by the Liouvillian in Eq. (B12), where the reservoirs corre-
spond to the laser-cooled τ-ions, the leads to the σ -chains,
and the TQD to the κ-ion. As discussed below Eq. (B12),
the current through the TQD can be suppressed by means of
a strong energy off-set between the two halves of the chain.
Then, a periodic spin-vibron coupling (3) serves as gadget to
switch on the current, such that the tunneling strengths depend
on the particular spin state of the κ-ion (see Eq. (B17)). In this
section, we make use of this spin-dependence to build a Ram-
sey probe for the vibron current. In particular, we exploit a
bi-chromatic spin-vibron coupling
Hκsv(t) = ∑
n=1,2
1
2 (∆ω
+
κ,n+∆ω−κ,nσ zpκ )cos(νκ,nt−ϕκ,n)npκ .
Moreover, by adjusting the laser parameters, we impose
νκ,1 = 12∆ω
−
σ , ϕκ,1 = pi2 , ∆ω
−
κ,1 = 0, ζκ,1 =
∆ω+κ,1
2νκ,1
= pi,
νκ,2 = 12∆ω
−
σ , ϕκ,2 = 0, ∆ω+κ,2 = 0, ζκ,2 =
∆ω−κ,2
2νκ,2
 1,
where ∆ω−σ is the off-set between the halves of the chain.
In analogy to the derivation of Eq. (B17), to understand
the effects of the bi-chromatic spin-vibron coupling, we move
into an interaction picture with respect to the driving apκ →
apκ =−apκ e−iζκ,1 sin(νκ,1t−pi/2)e−iζκ,2σ
z
pκ sin(νκ,2t). By using the
Jacobi-Anger expansion again, together with the above pa-
rameter constraints, it is possible to derive an effective Hamil-
tonian for the coupling of the leads to the TQD
HLκR ≈ ∑
iσ<pκ ,m∈Z
−2J˜iσ pκJ−1−m(pi)Jm(ζκ,2σ zpκ )(i)−1−ma†iσ apκ + ∑
iσ>pκ ,m∈Z
−2J˜iσ pκJ1−m(pi)Jm(ζκ,2σ zpκ )(i)1−ma†iσ apκ +H.c.,
where we have used a rotating wave approximation for
J˜iσ pκ  12 |∆ω−σ |. As announced previously, the expression
above shows that for the resonance conditions νκ,1 = νκ,2 =
1
2∆ω
−
σ , the bi-chromatic spin-vibron coupling is capable of
assisting the tunneling of vibrons across the TQD.
We will now exploit the spin-dependence of the effective
tunneling strengths via the Bessel function Jm(ζκ,2σ zpκ ) to
build a Ramsey probe of the vibron current. In particular,
taking into account that ζκ,2  1, we can rewrite HLκR =
HPATLκR+H
I
sv, where we have introduced the Hamiltonian
HPATLκR =∑
iσ
(J˜PATiσ ,pκa
†
iσ apκ +H.c.), J˜
PAT
iσ ,pκ =−i2J˜iσ pκJ1(pi).
(C10)
This term describes a spin-independent tunneling of vibrons
across the TQD, which will be responsible for setting a vi-
bron current. The important feature of the assisted-tunneling
strength is that it has become purely imaginary, which be-
comes relevant in the definition of the current operators (B6).
This turns out to be crucial to devise the Ramsey probe, since
the remaining terms in the Hamiltonian can be written as
HIsv =
1
4 λ˜I(I
vib
pκ→+ I
vib→pκ )σ
z
pκ , (C11)
where we have introduced the dimensionless coupling
λ˜I = 2ζκ,2(J0(pi)+J2(pi))/J1(pi). Remarkably enough, we
can make the coupling of the Ramsey probe arbitrar-
ily small by simply letting ζκ,2 → 0, where we get an
ideal Ramsey probe of the vibronic current. According
to Eq. (C4), the κ-spin coherences evolve as 〈σ˜ xpκ (t)〉 =
cos(λ˜I〈Ivib→pκ 〉sst)e−λ˜
2
I Re{SIpκ Ipκ(0)}t , where we have made use
of the fact that 〈Ivib→pκ 〉ss = 〈Ivibpκ→〉ss in the steady state.
We have also defined the zero-frequency intensity noise
SIpκ Ipκ(0) =
∫ ∞
0 dt〈I˜pκ (t)I˜pκ (0)〉ss, wherethe current fluctua-
tions are given by I˜pκ =
1
2 (I
vib→pκ + I
vib
pκ→)−〈Ivibpκ→〉ss.
In order to give supporting numerical evidence of this pre-
diction, the minimal setup to explore would be a τ−σ −κ−
σ − τ chain. In analogy to the single-spin switch, comput-
ing the dynamics of the spin coherences in this case becomes
a non-linear problem that exceeds our numerical capabilities.
Therefore, we cannot obtain the analogue of Fig. 16 for the
current operator. Instead, we content ourselves with showing
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that the Hamiltonians in Eqs. (C10)-(C11) describe the dy-
namics of a σ −κ−σ setup in Fig. 17.
[1] D. F. V. James, Appl. Phys. B 66, 181 (1998).
[2] G.-D. Lin, S.-L. Zhu, R. Islam, K. Kim, M.-S. Chang, S. Ko-
renblit, C. Monroe, and L.-M. Duan, Europhys. Lett. 86, 60004
(2009).
[3] R. Schmied, J. H. Wesenberg, and D. Leibfried, Phys. Rev. Lett.
102, 233002 (2009).
[4] R. P. Feynman, Statistical Mechanics: A Set Of Lectures (Ben-
jamin/Cummings Publishing, Massachusetts, 1972).
[5] M. Harlander, et al., Nature 471, 200 (2011).
[6] D. Porras and J.I. Cirac, Phys. Rev. Lett. 93, 263602 (2004).
[7] K. R. Brown, et al., Nature 471, 196 (2011).
[8] S. Haze, et al., Phys. Rev A 85, 031401(R) (2012).
[9] J. Dalibard and C. Cohen-Tannoudji, J. Phys. B: At. Mol. Phys.
18, 166 (1985); Y. Castin, H. Wallis, and J. Dalibard, J. Opt.
Soc. Am. B. 6, 2046 (1989).
[10] J. I. Cirac, R. Blatt, P. Zoller, and W. D. Phillips, Phys. Rev. A
46, 2668 (1992).
[11] D. J. Wineland, C. Monroe, W. M. Itano, D. Leibfried, B. E.
King, and D. M. Meekhof, J. Res. Natl. I. St. Tech. 103, 259
(1998).
[12] S. Chaturvedi and F. Shibata, Zeit. Physik B, 35, 297 (1979).
[13] H. P. Breuer and F. Petruccione, The theory of open quantum
systems, (Oxford University Press, Oxford, 2003).
[14] C. J. Myatt, B. E. King, Q. A. Turchette, C. A. Sackett, D.
Kielpinski, W. M. Itano, C. Monroe, and D. J. Wineland, Nature
403, 269 (2000).
[15] D. T. Gillespie, Am. J. Phys. 64, 3 (1996).
[16] B. Paredes, F. Verstraete, and J.I. Cirac, Phys. Rev. Lett.
95,140501 (2005).
[17] A. Bermudez, M. A. Martin-Delgado, and D. Porras, New J.
Phys. 12, 123016 (2010).
[18] M.B. Plenio and S.F. Huelga, New J. Phys. 10, 113019 (2008).
[19] A. Bermudez, T. Schaetz, and D. Porras, Phys. Rev. Lett. 107,
150501 (2011); ibid. New J. Phys. 14, 053049 (2012).
[20] H. Haeffner, C. F. Roos, and R. Blatt, Phys. Rep. 469, 155
(2008).
